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1°. Ìåòîä SOS. Çàäà÷è ïîëèíîìèàëüíîé îïòèìèçàöèè ñ ïîìîùüþ ñóìì

êâàäðàòîâ (Sums of Squares, SOS) � îäèí èç êëàññîâ çàäà÷ ïîëóîïðåäåëåííîãî

ïðîãðàììèðîâàíèÿ (Semi-De�nite Programming, SDP).

Äëÿ íàãëÿäíîñòè, çäåñü áóäóò ðàññìîòðåíû òîëüêî ñêàëÿðíûå ïîëèíîìû.

Àíàëîãè÷íàÿ òåîðèÿ ñóùåñòâóåò äëÿ ïîëèíîìèàëüíûõ ìàòðèö. Íåêîòîðûå ìà�

òåìàòè÷åñêèå ïîäðîáíîñòè ìîæíî íàéòè â [1℄.

Íåîòðèöàòåëüíûå ìíîãî÷ëåíû è SOS-ìíîãî÷ëåíû. Ïóñòü p(x̄)�ìíî�

ãî÷ëåí ñòåïåíè m îò n ïåðåìåííûõ (x̄ ∈ R
n
). Ìíîãî÷ëåí p(x̄) íàçûâàåòñÿ

íåîòðèöàòåëüíûì, åñëè p(x̄) > 0 ïðè âñåõ x̄ ∈ R
n
.

Ïðèìåð. Íåîòðèöàòåëüíî îïðåäåëåííàÿ êâàäðàòè÷íàÿ �îðìà, n = m = 2,

p0(x1, x2) = x2

1 + x1x2 + x2

2 > 0, ∀x1 ∀x2.

Ìíîãî÷ëåí p(x̄) íàçûâàåòñÿ SOS-ìíîãî÷ëåíîì (Sum Of Squares polynomial),

åñëè ñóùåñòâóþò ÷èñëî k è ìíîãî÷ëåíû q1(x̄), . . . , qk(x̄) òàêèå, ÷òî

p(x̄) =
k

∑

i=1

[qk(x̄)]
2 ∀x̄ ∈ R

n.

Î÷åâèäíî ëþáîé SOS-ìíîãî÷ëåí íåîòðèöàòåëåí.
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Íåîäíîçíà÷íîñòü SOS-ïðåäñòàâëåíèÿ. Îáû÷íî ïîëîæèòåëüíûé ìíîãî�

÷ëåí ìîæíî ïðåäñòàâèòü â âèäå ñóììû êâàäðàòîâ (ïðè÷åì SOS-ïðåäñòàâëåíèå

íåîäíîçíà÷íî).

Ïðèìåð. Ìíîãî÷ëåí 4-ãî ïîðÿäêà

p1(x1, x2) = x4

1 − x2

1x
2

2 + x4

2 =
(

x2

1 −
1

2
x2

2

)2
+
(

√

3

2
x2

2

)2

.

Ïî-äðóãîìó:

p1(x1, x2) = (x2

1 − x2

2)
2 + (x1x2)

2.

Îòñóòñòâèå íåîáõîäèìîñòè SOS-ïðåäñòàâëåíèÿ. ßâëÿåòñÿ ëè ëþáîé

íåîòðèöàòåëüíûé ìíîãî÷ëåí SOS-ìíîãî÷ëåíîì? Â îáùåì ñëó÷àå ýòî íå òàê.

Ïðèìåðû. Ìíîãî÷ëåíû

p2(x1, x2) = x2

1x
2

2(x
2

1 + x2

2 − 3) + 1,

p3(x1, x2, x3) = x6

3 + x4

1x
2

2 + x2

1x
4

2 − 3x2

1x
2

2x
2

3

íåîòðèöàòåëüíû, íî íå SOS.

Äàâèä �èëüáåðò äîêàçàë, ÷òî ýòî âûïîëíåíî â ñëó÷àÿõ

(n�÷èñëî ïåðåìåííûõ, m� ñòåïåíü).

• Ìíîãî÷ëåíû îäíîé ïåðåìåííîé: n = 1, m�ëþáîå ÷åòíîå;

• ìíîãî÷ëåíû âòîðîé ñòåïåíè: n� ëþáîå, m = 2;

• äâå ïåðåìåííûå, ÷åòâåðòàÿ ñòåïåíü: n = 2, m = 4.

Çàäà÷è SOS. Ïóñòü P (x̄)�ïîëèíîì (ñêàëÿðíûé èëè ñ ìàòðè÷íûìè ñèììåò�

ðè÷íûìè êîý��èöèåíòàìè).

• Ïðîâåðêà ïîëîæèòåëüíîñòè. Îïðåäåëèòü, âûïîëíåíî ëè

P (x̄) > 0 ∀x̄.

Çàìåíÿåòñÿ íà çàäà÷ó: èìååò ëè çàäàííûé P (x̄) SOS-ïåðåäñòàâëåíèå?

Íàëè÷èå SOS-ïðåäñòàâëåíèÿ � äîñòàòî÷íîå (íî íå íåîáõîäèìîå) óñëîâèå

ïîëîæèòåëüíîñòè p(x̄). Òåì íå ìåíåå, äëÿ ïðîâåðêè ïîëîæèòåëüíîñòè

p(x̄) ÷àñòî èñïîëüçóþò çàäà÷ó SOS.

• Çàäà÷à îòèìèçàöèè. Ëèíåéíàÿ öåëåâàÿ �óíêöèÿ

c1u1 + . . .+ cnun → min (max)

ïðè óñëîâèè, ÷òî ui � ñêàëÿðíûå íåèçâåñòíûå, à ïîëèíîì

p(x̄) = p0 + p1(x̄)u1 + . . .+ pn(x̄)un

èìååò SOS-ïðåäñòàâëåíèå.
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17-ÿ ïðîáëåìà �èëüáåðòà. Ôîðìóëèðîâêà ïðîáëåìû: Ïóñòü p(x̄)�ðàöèî�

íàëüíàÿ �óíêöèÿ îò n ïåðåìåííûõ ñ âåùåñòâåííûìè êîý��èöèåíòàìè òàêàÿ,

÷òî p(x̄) > 0 ïðè âñåõ x̄ ∈ R
n
. Ìîæíî ëè åå ïðåäñòàâèòü â âèäå ñóììû êâàä�

ðàòîâ ðàöèîíàëüíûõ �óíêöèé ñ âåùåñòâåííûìè êîý��èöèåíòàìè?

Îòâåò íà ýòîò âîïðîñ ïîëîæèòåëüíûé (Ýìèëü Àðòèí, 1927). Â ÷àñòíîñòè,

ëþáîé SOS-ìíîãî÷ëåí ìîæíî ïðåäñòàâèòü â âèäå ñóììû êâàäðàòîâ ðàöèîíàëü�

íûõ �óíêöèé.

Ê ñîæàëåíèþ, íå ñóùåñòâóåò ý��åêòèâíûõ àëãîðèòìîâ äëÿ SOS-ïðåäñòàâ�

ëåíèÿ ðàöèîíàëüíûõ �óíêöèé. Äëÿ ïîëèíîìîâ òàêèå àëãîðèòìû åñòü è îíè

ñâîäÿòñÿ ê çàäà÷àì SDP.

2°. Èäåÿ ÷èñëåííîãî ìåòîäà: SOS-ìíîãî÷ëåíû è ìîíîìû (íà ïðè�

ìåðå). �àññìîòðèì îäíîðîäíûé ìíîãî÷ëåí (�îðìó) ñòåïåíè 2m = 4:

p1(x1, x2) = x4

1 − x2

1x
2

2 + x4

2

Â SOS-ïðåäñòàâëåíèè (åñëè îíî åñòü) äîëæíû ó÷àñòâîâàòü îäíî÷ëåíû (ìîíî�

ìû) íå âûøå 4-é ñòåïåíè �

0-é ñòåïåíè: 1,

1-é ñòåïåíè: x1, x2,

2-é ñòåïåíè: x2
1, x1x2, x

2
2,

3-é ñòåïåíè: x3
1, x

2
1x2, x1x

2
2, x

3
2,

4-é ñòåïåíè: x4
1, x

3
1x2, x

2
1x

2
2, x1x

3
2, x

4
2.

Îãðàíè÷èìñÿ ìîíîìàìè ñòåïåíè m = 2 è ñîñòàâèì èç íèõ âåêòîð:

Y =





x2
1

x1x2

x2
2



 .

Èìååì:

p1(x1, x2) = Y TMY, Y =





x2
1

x1x2

x2
2



 , M =





1 0 0
0 −1 0
0 0 1



 .

Çäåñü M �ìàòðèöà èíäå�èíèòíîé êâàäðàòè÷íîé �îðìû. Â ñèëó ñòðóêòóðû

âåêòîðà Y ñïðàâåäëèâû ðàâåíñòâà Y 2
2 = Y1Y3 è

Y TLY = 0, L =





0 0 −1
0 2 0
−1 0 0



 .

Ïîëó÷àåì:

p1(x1, x2) = Y TMY = Y T(M + αL)Y ∀ α ∈ R.
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Òàê êàê

p1(x1, x2) = Y TMY, Y TLY = 0,

òî

p1(x1, x2) = Y T(M + αL)Y ∀ α ∈ R.

Óñëîâèå SOS-ïðèâîäèìîñòè: ñóùåñòâóåò ÷èñëî α (ëþáîãî çíàêà) òàêîå, ÷òî

M + αL > 0.
Ïîëó÷àåì ëèíåéíîå ìàòðè÷íîå íåðàâåíñòâî (LMI) îòíîñèòåëüíî íåèçâåñò�

íîé ïåðåìåííîé α. Íåðàâåíñòâî âûïîëíåíî (ïî êðèòåðèþ Ñèëüâåñòðà) ïðè

α > 1.
Ìû ïîëó÷èëè:

p1(x1, x2) = Y T(M + αL)Y,

ãäå M + αL > 0 ïðè α > 1. Òîãäà ñóùåñòâóåò k × 3-ìàòðèöà C (k 6 3) òàêàÿ,
÷òî

M + αL = CTC > 0.

Ïóñòü

C =







C1

.

.

.

Ck






,

ãäå Cj �ìàòðèöà-ñòðîêà. Èìååì

p1(x1, x2) = Y TCTCY =
k

∑

j=1

(CjY )2,

ò. å. p1(x1, x2) äîïóñêàåò SOS-ïðåäñòàâëåíèå.
Â îáùåì ñëó÷àå ïàðàìåòðîâ ìîæåò áûòü íåñêîëüêî, è ìîæíî ïðèìåíèòü

ñòàíäàðòíûå ïðîãðàììû-ñîëâåðû äëÿ ðåøåíèÿ LMI.

Ïðèìåð: ðàññìîòðèì âåêòîð ìîíîìîâ

Y T = [x2

1 x1x2 x1x3 x2

2 x2x3 x2

3]

Äëÿ êîìïîíåíò Y ïîëó÷àåì øåñòü ñîîòíîøåíèé òèïà ðàâåíñòâî

Y TLjY = 0, j = 1, . . . , 6.

è øåñòü íåèçâåñòíûõ ïåðåìåííûõ

α1, . . . , α6.

Ïîëó÷àåì ëèíåéíîå íåðàâåíñòâî âèäà

M + α1L1 + . . .+ α6L6 > 0.
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SOS-ïðåäñòàâëåíèå ìàòðè÷íîãî ïîëèíîìà. Ïóñòü P (x̄)�ïîëèíîì, âñå

çíà÷åíèÿ êîòîðîãî � ñèììåòðè÷íûå m×m-ìàòðèöû.

Èùåòñÿ ïðåäñòàâëåíèå âèäà

P (x̄) = (Im ⊗ Y )T(x̄)Q(Im ⊗ Y (x̄)),

ãäå QT = Q > 0, Y (x̄)�âåêòîð èç ìîíîìîâ, ⊗�ïðîèçâåäåíèå Êðîíåêåðà.

Íàïðèìåð, ïðè m = 2:

P (x̄) =

[

Y T 0
0 Y T

] [

Q11 Q12

Q12 Q22

] [

Y 0
0 Y

]

3°.Ïðîãðàììíîå îáåñïå÷åíèå. Ñóùåñòâóþò íåñêîëüêî ïðîãðàììíûõ ïà�
êåòîâ.

• Ïàêåò SOSTOOLS [2℄. Îòäåëüíûé ïàêåò (toolbox) ñî ñâîèì èíòåð�åéñîì.

Òðåáóåò MATLAB Symboli Math Toolbox è îäèí èç SDP ñîëâåðîâ:

SeDuMi, SDPT3, CSDP, SDPA, SDPNAL. Êîëëåêòèâ ðàçðàáîò÷èêîâ �

èç óíèâåðñèòåòîâ ÑØÀ è Îêñ�îðäà. Ïåðâàÿ âåðñèÿ ïàêåòà SOSTOOLS

ðàçðàáîòàíà â 2002, ïîñëåäíÿÿ � â ñåíòÿáðå 2021 (âåðñèÿ 4.0). Áåñïëàò�

íûé äèñòðèáóòèâ íà ñàéòå Êàëè�îðíèéñêîãî òåõíîëîãè÷åñêîãî èíñòèòó�

òà (Calteh).

• Ìîäóëü SOS â ñîñòàâå ïàêåòà YALMIP [3℄, ðàáîòàåò ñ MATLAB.

• Íåñêîëüêî áèáëèîòåê íà ÿçûêå Julia.

4°. Ïðèìåð çàäà÷è SOS. Ôóíêöèÿ Ëÿïóíîâà äëÿ ñèñòåìû ñ ïî�

ëèíîìèàëüíîé ïðàâîé ÷àñòüþ. �àññìîòðèì ñèñòåìó äè��åðåíöèàëüíûõ

óðàâíåíèé n-ãî ïîðÿäêà:
dx̄

dt
= Q(x̄),

ãäå x̄� n-âåêòîð, ýëåìåíòû âåêòîð-�óíêöèè â ïðàâîé ÷àñòè Qk(x̄), k =
1, . . . , n, � ïîëèíîìû. Áóäåì èñêàòü ïîëèíîìèàëüíóþ �óíêöèþ Ëÿïóíîâà V =
V (x̄). Òîãäà åå ÷àñòíûå ïðîèçâîäíûå

∂V

∂xk

=
∂V

∂xk

(x̄), k = 1, 2, 3,

òîæå ïîëèíîìû. Íà ðåøåíèÿõ ñèñòåìû åå ïðîèçâîäíàÿ

dV

dt
=

n
∑

k=1

∂V

∂xk

dxk

dt
=

n
∑

k=1

∂V

∂xk

(x̄)Qk(x̄).



6

�àññìîòðèì ïîëèíîì:

DV (x̄) =
n

∑

k=1

∂V

∂xk

(x̄)Qk(x̄).

Ïóñòü ε�íåêîòîðîå ìàëîå ÷èñëî. Äëÿ �óíêöèè Ëÿïóíîâà ïîëó÷àåì íåðàâåí�

ñòâà:

V (x̄) > εN(x̄), DV (x̄) 6 −εN(x̄) ∀x̄ ∈ R
n,

ãäå N(x̄) = x2
1+ . . .+x2

n. Òàê êàê ñèñòåìà îäíîðîäíà îòíîñèòåëüíî V , òî ìîæíî
âçÿòü íîâóþ �óíêöèþ W (x̄) = 1

ε
V (x̄), ò. å. ïîëîæèòü ε = 1.

Ïîëó÷àåì äâà ïîëèíîìèàëüíûõ óñëîâèÿ:

V (x̄)− εN(x̄) ÿâëÿåòñÿ SOS,

−DV (x̄)− εN(x̄) ÿâëÿåòñÿ SOS.

Ïðèìåð. Ôóíêöèÿ Ëÿïóíîâà ñ ïîìîùüþ SOSTOOLS. Ïîñòðîèì �óíêöèþ

Ëÿïóíîâà äëÿ ñèñòåìû:

ẋ1 = −x3

1 + x2, ẋ2 = −x1 − x2.

Ïðîãðàììíûé êîä:

syms x1 x2;

f = [-x1^3+x2; -x1-x2℄;

V = findlyap(f,[x1; x2℄,2)

Ïîëó÷àåì:

V = 1.195*x1^2 + 5.801e-5*x1*x2 + 1.195*x2^2

Ïðèìåð: �óíêöèÿ Ëÿïóíîâà äëÿ ñèñòåìû ñ ðàöèîíàëüíîé ïðàâîé

÷àñòüþ. �àññìîòðèì ñèñòåìó óðàâíåíèé [2℄

ẋ1 = −x3

1 − x1x
2

3,

ẋ2 = −x2 − x2

1x2

ẋ3 = −x3 −
3x3

x2

3
+1

+ 3x2

1x3.

Áóäåì èñêàòü ïîëèíîìèàëüíóþ �óíêöèþ Ëÿïóíîâà V = V (x1, x2, x3):

V > ε
(

x2

1 + x2

2 + x2

3

)

, ε > 0;

V̇ =
∂V

∂x1

ẋ1 +
∂V

∂x2

ẋ2 +
∂V

∂x3

ẋ3 6 0.

Çàìåíèì V 7→ V/ε è óìíîæèì íà x2
3 + 1:

V > x2

1 + x2

2 + x2

3;

−(x2

3 + 1)
∂V

∂x1

ẋ1 − (x2

3 + 1)
∂V

∂x2

ẋ2 − (x2

3 + 1)
∂V

∂x3

ẋ3 > 0.
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Ïðèìåð. Ôóíêöèÿ Ëÿïóíîâà ñ ïîìîùüþ SOSTOOLS.

syms x1 x2 x3;

X = [x1; x2; x3℄;

f = [-x1^3-x1*x3^2; -x2-x1^2*x2;

-x3+3*x1^2*x3-3*x3/(x3^2+1)℄;

f = f * (x3^2+1);

Y = [x1^2; x2^2; x3^2℄;

eps = 1e-6;

prog = sosprogram(X);

[prog,V℄ = sospolyvar(prog,Y); % ïîëèíîìèàëüíàÿ ïåðåìåííàÿ

prog = sosineq(prog,V-eps*(x1^2+x2^2+x3^2));

expr = -diff(V,x1)*f(1)-diff(V,x2)*f(2)-diff(V,x3)*f(3);

prog = sosineq(prog,expr);

prog = sossolve(prog);

solV = sosgetsol(prog,V)

Ïîëó÷àåì:

solV = 0.6309*x1^2 + 0.5163*x2^2 + 0.2054*x3^2

5°. Ïðèìåð çàäà÷è SOS. Êðóãîâîé êðèòåðèé àáñîëþòíîé óñòîé�

÷èâîñòè. Ïóñòü W (s)�äðîáíî-ðàöèîíàëüíàÿ �óíêöèÿ, µ1, µ2 � ñêàëÿðû,

µ1 < µ2. ×àñòîòíîå íåðàâåíñòâî êðóãîâîãî êðèòåðèÿ [4℄:

1 + (µ1 + µ2)ReW (iω) + µ1µ2|W (iω)|2 > 0 ∀ω ∈ R.

Òaê êàê êîìïëåêñíîå ñîïðÿæåíèå äàåò

W (iω) = W (−iω),

òî

ReW (iω) =
1

2
(W (iω) +W (−iω)) , |W (iω)|2 = W (−iω)W (iω).

Ïóñòü W (s) = M(s)/N(s), ãäå M(s), N(s)�ìíîãî÷ëåíû. Òîãäà

ReW (iω) =
1

2

(

M(iω)

N(iω)
+

M(−iω)

N(−iω)

)

=

=
1

2

M(iω)N(−iω) +M(−iω)N(iω)

N(iω)N(−iω)
,

|W (iω)|2 =
M(iω)M(−iω)

N(−iω)N(iω)
.
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Òàê êàê N(−iω)N(iω) = |N(iω)|2 > 0, ÷àñòîòíîå íåðàâåíñòâî ïðèíèìàåò âèä:

N(iω)N(−iω) +
1

2
(µ1 + µ2)

(

M(iω)N(−iω) +M(−iω)N(iω)
)

+

+ µ1µ2M(iω)M(−iω) > 0, ∀ω ∈ R.

Îïðåäåëèì ìíîãî÷ëåíû

P (s) = N(s)N(−s) +
1

2
(µ1 + µ2)

(

M(s)N(−s) +M(−s)N(s)
)

+

+ µ1µ2M(s)M(−s),

Q(ω) = P (iω).

Ìîæíî ïîêàçàòü, ÷òî ïðè âåùåñòâåííûõ êîý��èöèåíòàõW (s) ìíîãî÷ëåíQ(ω)
òàêæå èìååò âåùåñòâåííûå êîý��èöèåíòû. ×àñòîòíîå íåðàâåíñòâî ïðèíèìàåò

âèä:

Q(ω) > 0 ∀ω ∈ R.

T.ê. Q(ω)�ìíîãî÷ëåí îäíîé ïåðåìåííîé, åãî ïîëîæèòåëüíîñòü çêâèâàëåíòíà

ñóùåñòâîâàíèþ SOS-ïðåäñòàâëåíèÿ.

Êðóãîâîé êðèòåðèé: ïðîãðàììà SOSTOOLS.

syms s omega

mu2 = 0.5; mu1 = - 0.4;

M = s + 1;

N = s^3 + s^2 + s + 2;

Mm = subs(M,s,-s); % M(-s)

Nm = subs(N,s,-s); % N(-s)

P = N*Nm +0.5*(mu1+mu2)*(M*Nm+Mm*N);

P = simplify(P + mu1*mu2*M*Mm)

Q = simplify(subs(P,s,i*omega))

[M,Y℄= findsos(Q)

eig(M)

Èìååì

P = - s^6 - (11*s^4)/10 + (16*s^2)/5 + 4

Q = omega^6 - (11*omega^4)/10 - (16*omega^2)/5 + 4
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Ïîëó÷àåì Q = Y TMY ,

M =

4.0000 -0.0000 -2.7095 0.0000

-0.0000 2.2190 -0.0000 -1.4868

-2.7095 -0.0000 1.8736 0.0000

0.0000 -1.4868 0.0000 1.0000

Y =

1

omega

omega^2

omega^3

Ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû M :

5.8474 0.0262 3.2164 0.0026.

Îíè ïîêàçûâàþò, ÷òî M > 0.
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