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Ïðèíÿòèå ðåøåíèé â ðåàëüíîì âðåìåíè

Êðèòè÷åñêèå ôàêòîðû:

ñêîðîñòü � íàäî ïðèíÿòü è ðåàëèçîâàòü ðåøåíèå äî íàñòóïëåíèÿ
ñëåäóþùåãî ¾ðàçðóøèòåëüíîãî¿ ñîáûòèÿ

èíòåëëåêò (ïðèðîäíûé è/èëè èñêóññòâåííûé) � íàäî äîñòè÷ü
öåëè â óñëîâèÿõ íåîïðåäåëåííîñòè

Êðèòè÷åñêàÿ òåõíîëîãèè:
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äëÿ ïîääåðæêè (èëè çàìåíû) ïðîöåññà ïðèíÿòèÿ ðåøåíèÿ
÷åëîâåêîì
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Ñòîõàñòè÷åñêîå ïðîãðàììèðîâàíèå

Ñòîõàñòè÷íîñòü � ãðå÷åñêîå ñëîâî (στoχαστικϵ́ζ)

öåëèòüñÿ, ìåòèòü (öåëèòüñÿ âî ÷òî (â êîãî)-ëèáî)

ñòðåìèòüñÿ ê òîìó, ÷òîáû ñóäüÿìè áûëè ñàìûå âëèÿòåëüíûå ëþäè

ïðèìåíÿòüñÿ, ïðèñïîñîáëÿòüñÿ

óìîçàêëþ÷àòü, ñóäèòü, äîãàäûâàòüñÿ, ðàçãàäûâàòü (äîãàäûâàòüñÿ
î òîì, ÷òî òðåáóåòñÿ; çàêëþ÷àòü íà îñíîâàíèè ÷åãî-ëèáî; ïóòåì
äîãàäîê)

Ñòîõàñòè÷åñêîå ïðîãðàììèðîâàíèå � ïîäõîä â ìàòåìàòè÷åñêîì
ïðîãðàììèðîâàíèè, ïîçâîëÿþùèé ó÷èòûâàòü íåîïðåäåë¼ííîñòü â
îïòèìèçàöèîííûõ ìîäåëÿõ
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Ìóëüòèàãåíòíûå òåõíîëîãèè

Â îñíîâå ÌÒ äåöåíòðàëèçîâàííûé ïîäõîä ê ðåøåíèþ çàäà÷, ïðè
êîòîðîì äèíàìè÷åñêè îáíîâëÿþùàÿñÿ èíôîðìàöèÿ â ðàñïðåäåëåííîé
ñåòè èíòåëëåêòóàëüíûõ àãåíòîâ îáðàáàòûâàåòñÿ íå â íåêîòîðîì öåíòðå,
à ïðÿìî ó àãåíòîâ íà îñíîâå åãî ëîêàëüíûõ íàáëþäåíèé âìåñòå ñ
ëîêàëüíî äîñòóïíîé èíôîðìàöèåé îò ñîñåäåé. Ïðè ýòîì ñóùåñòâåííî
ñîêðàùàþòñÿ êàê ðåñóðñíûå è âðåìåííûå çàòðàòû íà êîììóíèêàöèè â
ñåòè, òàê è âðåìÿ íà îáðàáîòêó è ïðèíÿòèå ðåøåíèé â öåíòðå âñåé
ñèñòåìû (åñëè îí âñå-òàêè åñòü)
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Èíòåëëåêò
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Ñòîõàñòè÷íîñòü è âû÷èñëåíèÿ

�Êòî íàì ìåøàåò, òîò íàì ïîìîæåò!�

Ñòîõàñòè÷íîñòü ÿâëÿåòñÿ îñíîâîé ñàìîîðãàíèçàöèè
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Ýìåðäæåíòíûé èíòåëëåêò

Ýìåðäæåíòíûé èíòåëëåêò (èíòåëëåêòóàëüíûé ðåçîíàíñ, èíòåëëåêò
ðîÿ) � ýòî ïðîÿâëåíèå íåîæèäàííûõ ñâîéñòâ, êîòîðûìè îáëàäàåò
ñèñòåìà, íî íå îáëàäàåò íè îäèí èç âõîäÿùèõ â íåå îòäåëüíûõ
ýëåìåíòîâ

Êëþ÷åâàÿ îñîáåííîñòü � äèíàìèêà è íåïðåäñêàçóåìîñòü ïðîöåññà
ïðèíÿòèÿ ðåøåíèé
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Ñëîæíîñòü àëãîðèòìîâ

Ìíîãèå çàäà÷è NP-ñëîæíûå ...

Àëüòåðíàòèâíûé ïîäõîä:
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Ðàíåå ìû ðàññìàòðèâàëè ñèñòåìó ïîä íàçâàíèåì ¾ñàìîëåò ñ ïåðüÿìè¿,
áàëàíñèðîâêó íàãðóçêè, ÄÍÊ-âû÷èñëåíèÿ è çàäà÷è îòñëåæèâàíèÿ ìíî-
æåñòâà öåëåé ìíîæåñòâîì íàáëþäàòåëåé
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Áàëàíñèðîâêà çàãðóçêè ñåòè

Ïóñòü x it = qit/p
i
t , ãäå

qit � î÷åðåäü çàäàíèé àãåíòà i â ìîìåíò âðåìåíè t
pit � ïðîèçâîäèòåëüíîñòü àãåíòà i â ìîìåíò âðåìåíè t

Äèíàìè÷åñêàÿ ìîäåëü:

x it+1 = x it + f it + uit , i ∈ N = {1, . . . , n},

èëè
qit+1 = qit − pit + z it + pitu

i
t ; i ∈ N, t = 0, 1, . . .

Ïðèìåð òîïîëîãèè ñåòè:
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Îïòèìàëüíîå ðåøåíèå

IEEE TAC 2015, ÀèÒ 2015 (Ãðàíè÷èí, Àìåëèíà)

zt =
n∑

i=1

ūi , ūi =?

T (u) = max
i∈N

timei (ūi ) → min
u

Ñîãëàñîâàííîñòü:
p1ū1 = p2ū2 = · · · = pnūn

Ôóíêöèîíàë ñðåäíåãî ðèñêà (Ïîòåíöèàë Ëàïëàñà):

F (u) =
m∑

i ,j=1

ai ,jt (time it − time jt)
2 → min

u
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Êîíñåíñóñíîå óïðàâëåíèå

Äèíàìèêà àãåíòîâ:

x it+1 = f (x it , u
i
t), i ∈ N = {1, . . . , n}

Ñîãëàñîâàííîå ïîâåäåíèå:

x it ≈ x jt , i , j ∈ N

Íàáëþäåíèÿ:
y i ,jt = x j

t−d i,j
t

+ w i ,j
t , j ∈ N i

t

Ïðîòîêîë ëîêàëüíîãî ãîëîñîâàíèÿ � ãðàäèåíòíûé ìåòîä äëÿ
ïîòåíöèàëà Ëàïëàñà:

uit = γ
∑
j∈N̄ i

t

ai ,jt (y i ,jt − y i ,it )
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Ðîé èç 100 ðîáîòîâ

Ýêñïåðèìåíòàëüíûé ñòåíä äëÿ
òåñòèðîâàíèÿ è ðàçðàáîòêè îáåñïå÷åíèÿ
êîëëåêòèâíîãî ìàñøòàáèðóåìîãî
èñêóññòâåííîãî èíòåëëåêòà,
íà êîòîðîì áûëè ïîëó÷åíû ñëåäóþùèå
íàó÷íî-ïðàêòè÷åñêèå ðåçóëüòàòû:

ðàçðàáîòàíà ìåòîäèêà
ïîñòðîåíèÿ äåöåíòðàëèçîâàííîé
áåñïðîâîäíîé ñåòè áåç ïðèâÿçêè ê
ñèíõðîíèçàöèè è àäðåñàöèè äàííûõ

ïîêàçàíî, ÷òî óïðàâëåíèå ãðóïïîé
áåñïèëîòíûõ äâèæóùèõñÿ îáúåêòîâ áåç åäèíîãî öåíòðà
óâåëè÷èâàåò ãàðàíòèþ âûïîëíåíèÿ ìèññèè

ãðóïïîâîé èñêóññòâåííûé èíòåëëåêò
âîçìîæíî ðåàëèçîâàòü ïðè
óïðîùåííîì îñíàùåíèè ðîáîòîâ
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Â çàâèñèìîñòè îò ðàññòîÿíèÿ äî ïðåïÿòñòâèÿ d i
t è çíà÷åíèé

ôðîíòàëüíûõ ñâåòîâûõ äàò÷èêîâ l i ,0t , l i ,3t , êàæäûé ðîáîò i âû÷èñëÿåò
ñâîé ñîáñòâåííûé ïàðàìåòð äîñòîâåðíîñòè qit (ïîòåíöèàë âûáðàííîãî
íàïðàâëåíèÿ):

qit = (1− β)

(
1−

∣∣∣∣∣ l i ,0t − l i ,3t

l i ,0t + l i ,3t

∣∣∣∣∣
)

+ β
min{d i

t , dmax}
dmax

, (1)

ïîêàçûâàþùèé çàâèñèìîñòü óâåðåííîñòè îò äàííûõ ñâåòîâûõ äàò÷èêîâ
è äàò÷èêîâ ðàññòîÿíèÿ
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1 Åñëè d i
t ≥ dmax, òî â íàïðàâëåíèè ïóòè íåò âèäèìûõ ïðåïÿòñòâèé,

è îêîí÷àòåëüíîå íàïðàâëåíèå ïóòè ðàññ÷èòûâàåòñÿ ñëåäóþùèì
îáðàçîì:

rit+1 = sit(1− δitγ
i
t) + α

γ it
|N̄ i

t |
∑
j∈N̄ i

t

rjtq
j
t − ritq

i
t , (2)

ãäå

δit =
α

|N̄ i
t |
∑
j∈N̄ i

t

qjt − qit , γ
i
t = 1/(qit + δit)

2 Åñëè dmin < d i
t < dmax, òî ðîáîò i êîððåêòèðóåò ïîâîðîò R íà ±ϕ

ïî îòíîøåíèþ ê âû÷èñëåííîìó sit . Çíàê âðàùåíèÿ âûáèðàåòñÿ íà
îñíîâàíèè ñîîòâåòñòâóþùèõ ñðàâíåíèé äàííûõ ñâåòîâûõ
äàò÷èêîâ. Ïîñëå ýòîãî íîâîå íàïðàâëåíèå ïóòè rit+1 âû÷èñëÿåòñÿ
ïî òîé æå ôîðìóëå (2) ñ îáíîâëåííûì çíà÷åíèåì sit := Rsit

3 Åñëè d i
t ≤ dmin, òî öåëü ðîáîòà � íàéòè íàïðàâëåíèå äâèæåíèÿ, â

êîòîðîì d i
t > dmin, è îí íå èñïîëüçóåò äàííûå îò ñîñåäåé è

äàò÷èêè ñâåòà. Â ýòîì ðåæèìå ðîáîò ñëó÷àéíûì îáðàçîì
âûáèðàåò íàïðàâëåíèå âðàùåíèÿ è âðàùàåòñÿ íà ìåñòå ïîêà
ðàññòîÿíèå d i

t ≤ dmin ïðåâîñõîäèò dmin
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Ðàñïðåäåëåííîå îöåíèâàíèå ïîëîæåíèÿ ìíîæåñòâà öåëåé
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Simultaneous Perturbation Stochastic
Approximation-based Consensus for Tracking under

Unknown–but–Bounded Disturbances
Oleg Granichin, Senior Member, IEEE, Victoria Erofeeva, Yury Ivanskiy,

and Yuming Jiang, Senior Member, IEEE

Abstract—We consider a setup where a distributed set of
sensors working cooperatively can estimate an unknown signal
of interest, whereas any individual sensor cannot fulfil the task
due to lack of necessary information diversity. This paper deals
with these kinds of estimation and tracking problems and focuses
on a class of simultaneous perturbation stochastic approximation
(SPSA)-based consensus algorithms for the cases when the cor-
rupted observations of sensors are transmitted between sensors
with communication noise and the communication protocol has
to satisfy a prespecified cost constraints on the network topology.
Sufficient conditions are introduced to guarantee the stability of
estimates obtained in this way, without resorting to commonly
used but stringent conventional statistical assumptions about the
observation noise such as randomness, independence, and zero
mean. We derive an upper bound of the mean–square error of the
estimates in the problem of unknown time-varying parameters
tracking under unknown–but–bounded observation errors and
noisy communication channels. The result is illustrated by a
practical application to the multi-sensor multi-target tracking
problem.

Index Terms—Distributed tracking, multi-agent networks, con-
sensus algorithm, simultaneous perturbation stochastic approxi-
mation, SPSA, randomized algorithm, arbitrary noise, unknown–
but–bounded disturbances, stochastic stability, tracking perfor-
mance.

I. INTRODUCTION

Distributed cooperative control of networked systems has
been investigated and numerous potential applications to com-
plex manufacturing, energy and social systems have been
developed [1]–[3] over the past few decades. One of the
fundamental concepts in multi-agent cooperative control is
consensus. This approach aims to find an agreement between
all agents in a network regarding a common value using
only local information and communicating among neighboring
agents.

The goal of distributed optimization is usually to find the
minimum of some loss function F̄ (x) =

∑n
i=1 F

i(x) via
interaction between agents. Here, x ∈ Rd and F i(x) :

The theoretical research in Sections I-VI of this work was supported by the
Russian Fund for Basic Research (project no. 20-01-00619). The obtaining
of experimental results in Section VII was supported by Russian Science
Foundation (project no. 19-71-10012).

O. Granichin, V. Erofeeva and Y. Ivanskiy are with Saint Petersburg State
University, 198504, Universitetskii pr. 28, St. Petersburg, Russia. e-mail:
o.granichin@spbu.ru, victoria@grenka.net, ivanskiy.yuriy@gmail.com.

Y. Jiang is with Department of Information Security and Communication
Technology, Norwegian University of Science and Technology (NTNU), NO-
7491, Trondheim, Norway, e-mail: jiang@ntnu.no.

Rd → R is the loss function of agent i, which is typically
known only to the agent itself. Studies of consensus and
distributed optimization algorithms began from the 1970-80s
[4], [5]. Distributed asynchronous stochastic approximation
algorithms were studied in [6]. To date, there exist a number of
approaches for the case when functions F i(x) are convex. In
particular, the Alternating Direction Method of Multipliers [7],
[8], as well as the subgradient method [9], [10] were proposed.
For non-convex tasks, the works [11], [12] develop a large
class of distributed algorithms based on various “functional-
surrogate units”. The distributed tracking problem is consid-
ered when the estimated parameters vary over time.

Recently, for large-scale systems consisting of many in-
dividuals (components, targets), a distributed optimization is
often used to estimate the unknown parameters which mini-
mize a loss function, based on the information obtained by
distributed sensors. So-called multitarget-multisensor tracking
problems have been widely studied in many practical ap-
plications such as adaptive mobile networks, cognitive ra-
dio systems, target localization in biological networks, fish
schooling, bee swarming, and bird flight (see, e.g., [13],
[14]). It is well known that distributed tracking algorithms
have some significant advantages over the centralized ones
or the fusion methods. Centralized algorithms usually require
the distributed sensor network to transmit the whole system
information into a fusion center to estimate the unknown
signals. This leads to the necessity of strong communication
capabilities over sensor networks which is hard to provide
in many practical situations when sensors may only have
the capability to exchange information locally between their
neighbors. An alternative approach for multitarget-multisensor
tracking problems assumes only local interaction between
sensors without the governing data fusion center. A detailed lit-
erature overview of the recent advances in the stability analysis
of a consensus-based least squares algorithms is performed in
[15] for distributed estimation and tracking problems.

The maximum likelihood estimator and stochastic approxi-
mation (SA) algorithms with decreasing to zero step-size are
actively used to optimize mean-risk functionals. In gradient-
free conventional stochastic approximation algorithms, two
measurements are used to approximate each component of
the vector-gradient of the cost function (implying 2d measure-
ments for the d-dimension state space). In [16], Spall proposed
Simultaneous perturbation stochastic approximation (SPSA).
It can be used to solve optimization problems in the case when
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Îáîáùåííàÿ ïîñòàíîâêà çàäà÷è

Öåëü ðàñïðåäåëåííîé îïòèìèçàöèè (êàê ïðàâèëî) � âû÷èñëèòü
ìèíèìóì íåêîòîðîé öåëåâîé ôóíêöèè çà ñ÷åò âçàèìîäåéñòâèÿ ìåæäó
àãåíòàìè

F̄ (x) =
n∑

i=1

F i (x)

ãäå x ∈ Rd , a F i (x) : Rd → R � öåëåâàÿ ôóíêöèÿ àãåíòà i , èçâåñòíàÿ
òîëüêî åìó
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Òîïîëîãèÿ ìóëüòèàãåíòíîé ñèñòåìû

Âçàèìîäåéñòâèå âíóòðè ñèñòåìû, ñîñòîÿùåé èç n ýëåìåíòîâ, ìîæíî
îïèñàòü ñ ïîìîùüþ îðèåíòèðîâàííîãî ãðàôà G = (N , E), ãäå
N = {1, . . . , n} � ìíîæåñòâî âåðøèí, à E ⊆ N ×N � ìíîæåñòâî äóã
Ïîäãðàô G � ãðàô Ḡ = (NḠ , EḠ), ãäå NḠ ⊆ N è EḠ ⊆ E

Äëÿ óçëà i ∈ N , ìíîæåñòâî ñîñåäåé îáîçíà÷èì
N i = {j ∈ N : (j , i) ∈ E} Ïîëóñòåïåíü çàõîäà óçëà i ∈ N ðàâíà |N i |
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Òîïîëîãèÿ ìóëüòèàãåíòíîé ñèñòåìû

Ñîïîñòàâèì äóãå (j , i) ∈ E âåñ c i ,j > 0 è ïîëîæèì c i ,j = 0 äëÿ
(j , i) /∈ E . Îáîçíà÷èì C = [c i ,j ] âçâåøåííàÿ ìàòðèöà ñìåæíîñòè èëè
ìàòðèöà ñâÿçíîñòè. GC = (NC , EC ) � âçâåøåííûé îðèåíòèðîâàííûé
ãðàô, ãäå NC ≡ N è EC ≡ E

Ïóñòü c i ,j � ñòîèìîñòü ïåðåäà÷è äàííûõ ïî äóãå (j , i) ∈ EC .
Âçâåøåííàÿ ïîëóñòåïåíü çàõîäà óçëà i ∈ NC ðàâíà
deg+i (C ) =

∑n
j=1 c

i ,j , deg+max(C ) � íàèáîëüøàÿ ïîëóñòåïåíü çàõîäà
ñðåäè âñåõ óçëîâ â ãðàôå GC
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Îãðàíè÷åíèå íà òîïîëîãèþ

Ñòîèìîñòíûå îãðàíè÷åíèÿ äëÿ óçëà i ∈ N ìîæíî çàäàòü â âèäå
âåðõíåé ãðàíèöû Q: deg+i (C ) ≤ Q, êîòîðàÿ ìîæåò îáîçíà÷àòü îáùóþ
½ñòîèìîñòü“êîììóíèêàöèè àãåíòà i ñî ñâîèìè ñîñåäÿìè.

Äëÿ óäîâëåòâîðåíèÿ îãðàíè÷åíèé ìîæíî ãåíåðèðîâàòü â ìîìåíò
âðåìåíè t ïîäãðàô GBt ⊂ GC , çàäàâàåìûé âçâåøåííîé ìàòðèöåé
ñìåæíîñòè Bt òàêèì îáðàçîì, ÷òîáû deg+i (Bt) ≤ Q.
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Îãðàíè÷åíèå íà òîïîëîãèþ

Ñòîèìîñòíûå îãðàíè÷åíèÿ deg+i (Bt) ≤ Q íå âñåãäà ìîãóò áûòü
óäîâëåòâîðåíû äëÿ çàäàííûõ Bt = C è Q, íàïðèìåð, äëÿ n = 6,
ïîëíîãî ãðàôà GC , c

i ,j = 1, i ̸= j , c i ,i = 0, è Q < 5.

Îäíî èç âîçìîæíûõ ðåøåíèé � èñïîëüçîâàíèå ðàíäîìèçèðîâàííîé
òîïîëîãèè, êîãäà ñëó÷àéíî èñêëþ÷àþòñÿ 5− Q äóã. Ïðè Q = 1 òàêàÿ
ñòðàòåãèÿ àíàëîãè÷íà ñõåìå, èñïîëüçóåìîé â àëãîðèòìàõ òèïà ñïëåòåí

(gossip algorithms) [Boyd 2006]

Îïðåäåëåíèå

Ñëó÷àéíûé ïîäãðàô GBt óäîâëåòâîðÿåò ñòîèìîñòíûì îãðàíè÷åíèÿì ñ
óðîâíåì Q, åñëè

E deg+max(Bt) ≤ Q (3)
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Ïîñòàíîâêà çàäà÷è

Îáîçíà÷èì Ξ ìíîæåñòâî, {f iξ (θ)}ξ∈Ξ ñåìåéñòâî äèôôåðåíöèðóåìûõ

ôóíêöèé: ∀i ∈ N f iξ (θ) : Rd → R. Ïðåäïîëàãàåòñÿ, ÷òî ïàðàìåòð θ íå
ìîæåò áûòü èçìåðåí íåïîñðåäñòâåííî. Ïîýòîìó çàäàåòñÿ
ïîñëåäîâàòåëüíîñòü òî÷åê èçìåðåíèÿ xi1, x

i
2, . . . , i ∈ N âûáèðàåìûõ

ñîãëàñíî ïëàíó íàáëþäåíèÿ. Çíà÷åíèÿ y i1, y
i
2, . . . ôóíêöèé f iξt (·)

ïîëó÷àþòñÿ â ìîìåíòû âðåìåíè t = 1, 2, . . . ñ àääèòèâíîé âíåøíåé
íåèçâåñòíîé îãðàíè÷åííîé ïîìåõîé v it

y it = f iξt (x
i
t) + v it , (4)

ãäå {ξt}, ξt ∈ Ξ � íåêîíòðîëèðóåìàÿ (íàïð., Ξ = N è ξt = t) èëè
ñëó÷àéíàÿ ïîñëåäîâàòåëüíîñòü. Â ïîñëåäíåì ñëó÷àå ïðåäïîëàãàåòñÿ,
÷òî ñóùåñòâóåò âåðîÿòíîñòíîå ðàñïðåäåëåíèå ξt , êîòîðîå ìîæåò áûòü
èçâåñòíûì èëè íåèçâåñòíûì
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Ïîñòàíîâêà çàäà÷è

Ïóñòü Ft−1 � σ-àëãåáðà âñåõ ñëó÷àéíûõ ñîáûòèé, ïðîèçîøåäøèõ äî
ìîìåíòà âðåìåíè t, EFt−1 îáîçíà÷àåò óñëîâíîå ìàòåìàòè÷åñêîå
îæèäàíèå îòíîñèòåëüíî σ-àëãåáðû Ft−1. Ðàññìîòðèì çàäà÷ó
îïòèìèçàöèè, â êîòîðîé ôóíêöèÿ ñòîèìîñòè F̄t(θ) âûðàæàåòñÿ â âèäå
ñóììû ëîêàëüíûõ ôóíêöèé F i

t (θ) = EFt−1f
i
ξt
(θ) êàæäàÿ èç êîòîðûõ

çàâèñèò îò îáùåé îïòèìèçàöèîííîé ïåðåìåííîé θ. Êðîìå òîãî, òî÷êà
ìèíèìóìà θ ôóíêöèè F̄t(θ) ìîæåò ìåíÿòüñÿ ñî âðåìåíåì.

Îïòèìèçàöèÿ ôóíêöèîíàëà ñðåäíåãî ðèñêà: îöåíèòü ìåíÿþùóþñÿ ñî
âðåìåíåì òî÷êó ìèíèìóìà θt ðàñïðåäåëåííîé ôóíêöèè

F̄t(θ) =
∑
i∈N

F i
t (θ) = EFt−1

∑
i∈N

f iξt (θ) → min
θ

. (5)
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Êîììóíèêàöèÿ è ïîìåõè

Ïóñòü â ìîìåíò âðåìåíè t ñåíñîðû ìîãóò îáùàòüñÿ ñ ñîñåäÿìè ïî
ñåòè, çàäàâàåìîé ãðàôîì GBt = (NBt , EBt ). Ñîîòâåòñòâóþùàÿ ìàòðèöà
ñìåæíîñòè Bt óäîâëåòâîðÿåò íåêîòîðûì óñðåäíåííûì ñòîèìîñòíûì
îãðàíè÷åíèÿì (3) ñ óðîâíåì Q

Òàêæå ïðåäïîëàãàåòñÿ, ÷òî ñåíñîð i ïîëó÷àåò òåêóùåå èçìåðåíèå θ̂it ñ
ïîìåõîé (4) è, åñëè ìíîæåñòâî N i

t = {j ∈ NBt : (j , i) ∈ EBt} íå ïóñòî,
òàêæå ïîëó÷àåò òåêóùèå îöåíêè, ïåðåäàâàåìûå ñîñåäÿìè ïî
çàøóìëåííûì êàíàëàì ñâÿçè

θ̃i ,jt = θ̂jt + wi ,j
t , j ∈ N i

t , (6)

ãäå wi ,j
t � ïîìåõà â êàíàëå ñâÿçè. Åñëè j ̸∈ N i

t òî θ̃i ,jt = 0
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Àëãîðèòì

Ââåäåì ∆i
k , k = 1, 2, . . . , i ∈ N � ïîñëåäîâàòåëüíîñòü íåçàâèñèìûõ

ñëó÷àéíûõ âåêòîðîâ èç Rd , íàçûâàåìûõ îäíîâðåìåííûì ïðîáíûì

âîçìóùåíèåì, ñ ñèììåòðè÷íûìè ôóíêöèÿìè ðàñïðåäåëåíèÿ Pi
k(·); è

ìíîæåñòâî âåêòîð-ôóíêöèé (ÿäåð) Ki
k(·) : Rd → Rd , k = 1, 2, . . .

Âûáåðåì íà÷àëüíîå ïðèáëèæåíèå θ̂i0 ∈ Rd , ïîëîæèòåëüíûé øàã α,
êîýôôèöèåíò óñèëåíèÿ γ, è ïîñëåäîâàòåëüíîñòè íåîòðèöàòåëüíûõ
÷èñåë {β+

k } è {β−
k } òàêèå, ÷òî βk = β+

k + β−
k > 0

Ðàññìîòðèì àëãîðèòì ñ äâóìÿ èçìåðåíèÿìè ðàñïðåäåëåííûõ ôóíêöèé
f iξt (θ) äëÿ êàæäîãî àãåíòà i ∈ N , ñòðîÿùèé ïîñëåäîâàòåëüíîñòü òî÷åê

èçìåðåíèÿ {xit} è îöåíêè {θ̂it}:

xi2k = θ̂i2k−2 + β+
k ∆

i
k , x

i
2k−1 = θ̂i2k−2 − β−

k ∆
i
k ,

θ̂i2k−1 = θ̂i2k−2,

θ̂i2k = θ̂i2k−1 − α

(
y i
2k−y i

2k−1

βk
Ki
k(∆

i
k)+

γ
∑

j∈N i
2k−1

bi ,j2k−1(θ̃
i ,j
2k−1 − θ̂i2k−1)

) (7)
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Àëãîðèòì

Îáîçíà÷èì θ̄t = col(θ̂1t , . . . , θ̂
n
t ) � îáîáùåííûé âåêòîð îöåíîê âñåõ

ñåíñîðîâ â ìîìåíò âðåìåíè t è ˜̄θt = col(θ̃1,1t , θ̃2,1t , . . . , θ̃n,1t , θ̃1,2t , . . . , θ̃n,nt )
� ñîîòâåòñòâóþùèé âåêòîð äàííûõ, ïåðåäàâàåìûõ ïî çàøóìëåííûì
êàíàëàì ñâÿçè. Îáîçíà÷èì: ȳt = diagn(col(y

1
t , . . . , y

n
t )),

∆̄k = col(K1
k(∆

1
k), . . . ,K

n
k(∆

n
k))

Àëãîðèòì (7) ìîæíî ïåðåïèñàòü â íîâûõ îáîçíà÷åíèÿõ:

θ̄2k = θ̄2k−1 − α

[(
ȳ2k − ȳ2k−1

βk
⊗ Id

)
∆̄k+

γ

(
L̄2k−1 ⊗ Id

)
˜̄θ2k−1

]
(8)

ãäå (n × n2)-ìàòðèöà L̄2k−1 çàäàåòñÿ òàêèì îáðàçîì, ÷òî åå i-é ðÿä
ñîñòîèò èç íóëåé, çà èñêëþ÷åíèåì ýëåìåíòîâ ñ (j − 1)n + 1 ïî jn,
ñîâïàäàþùèõ ñ i-ì ðÿäîì L(B2k−1)
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Îñíîâíîé ðåçóëüòàò

Îñíîâíûå ïðåäïîëîæåíèÿ

2: Ãðàäèåíò ∇f iξ (x) óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà ∀x1, x2 ∈ Rd

∥∇f iξ (x1)−∇f iξ (x2)∥ ≤ M∥x1 − x2∥

6: Ïîñëåäîâàòåëüíûå ðàçíîñòè ṽ ik = v i2k − v i2k−1 ïîìåõ íàáëþäåíèÿ

îãðàíè÷åíû |ṽ ik | ≤ cv < ∞, or E(ṽ ik)2 ≤ c2v åñëè ïîñë-òü {ṽ ik} ñëó÷àéíàÿ

7: Ïîìåõè â êàíàëå ñâÿçè wi ,j
t ñëó÷àéíûå, íåçàâèñèìûå, îäèíàêîâî

ðàñïðåäåëåííûåEwi ,j
t = 0, E∥wi ,j

t ∥2 ≤ σ2w . Âñå ñëó÷àéíûå âåêòîðû è
ïåðåìåííûå wi ,j

t , bi ,jt , ξt , and ξt+1 âçàèìíî íåçàâèñèìû (åñëè îíè
ñëó÷àéíûå)

Òåîðåìà

Ïîñëåäîâàòåëüíîñòü îöåíîê {θ̄i2k} èìååò àñèìïòîòè÷åñêè

ýôôåêòèâíóþ âåðõíþþ ãðàíèöó L̄ > 0 íåâÿçêè îöåíîê Åñëè ∀ε > 0 ∃k̄
òàêîå ÷òî ∀k > k̄ :

√
E∥θ̄i2k − 1n ⊗ θ2k∥2 ≤ L̄+ ε.
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Ìîäåëèðîâàíèå: ïîìåõè

α = 1, β = 1, γ = 0.5

vt = (rand() - 0.5) * rand() * 40

vt = 2 * sin(t * rand() * 10) +

20 * sign(10 - mod(t + randi(10), 2*10))
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Ìîäåëèðîâàíèå

α = 1, β = 1, γ = 0.5

Ïîçèöèè ñåíñîðîâ � o, Ïîçèöèè öåëåé � ·, Îöåíêè ïîçèöèé öåëåé � +
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Ìîäåëèðîâàíèå

α = 1, β = 1, γ = 0.5

Ïîçèöèè ñåíñîðîâ � o, Ïîçèöèè öåëåé � ·, Îöåíêè ïîçèöèé öåëåé � +
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Ðàíäîìèçèðîâàííûå àëãîðèòìû è êâàíòîâûå âû÷èñëåíèÿ

Âñå èçâåñòíûå ýôôåêòèâíûå êâàíòîâûå àëãîðèòìû âûïîëíÿþòñÿ ïî
ñëåäóþùåé ñõåìå:

ñíà÷àëà ïîäãîòàâëèâàåòñÿ ¾ñóïåðïîçèöèÿ¿ âõîäîâ

ïîòîì ïðîèñõîäèò îáðàáîòêà âõîäîâ è

èçìåðåíèå ðåçóëüòàòà
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Âûïîëíåíèå àëãîðèòìà SPSA íà êâàíòîâîì êîìïüþòåðå

u =
1

2
d
2

∑
∆i∈{−1,+1}d

|̂x+ β∆i ⟩ = Hβ |̂x⟩

Uf |u⟩|0⟩ =
1

2d

∑
∆i∈{−1,+1}d

|̂x+ β∆i ⟩|f (x̂+ β∆i )⟩

Ðèñ.: Êâàíòîâàÿ öåïü äëÿ âû÷èñëåíèÿ ãðàäèåíòà ¾íà ëåòó¿.
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óñëîâèÿõ ñóùåñòâåííûõ íåîïðåäåëåííîñòåé¿

Ïàòåíò ¾Àýðîäèíàìè÷åñêîå êðûëî ëåòàòåëüíîãî àïïàðàòà ñ àäàïòèâíî
èçìåíÿþùåéñÿ ïîâåðõíîñòüþ¿ �2660191, çàðåãèñòðèðîâàí â ãîñ. ðååñòðå
èçîáðåòåíèé ÐÔ 05.07.2018, çàÿâêà �2016147133 îò 30.11.2016
Ñâèä-âî î ãîñ. ðåã. ïðîã. äëÿ ÝÂÌ �2016612673 îò 3.03.2016 ¾Ïðîãðàìì-
íûé êîìïëåêñ ìóëüòèàãåíòíîé ñèñòåìû óïðàâëåíèÿ ðàñïðåäåëåííûìè
ãåòåðîãåííûìè âû÷èñëèòåëüíûìè ðåñóðñàìè äëÿ àäàïòèâíîé áàëàí-
ñèðîâêè çàãðóçêè óñòðîéñòâ â ðåàëüíîì âðåìåíè¿ (MAGS)
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Ñïàñèáî çà âíèìàíèå!

Î.Í. Ãðàíè÷èí (ÑÏáÃÓ) Ñòîõàñò. ïðîã. è ìóëüòèàã. òåõíîë. 10.03.2022 38 / 54



Íàáëþäåíèÿ ñ ïîìåõàìè

Åñëè ñèãíàë f ðåãèñòðèðóåòñÿ ñ ïîìåõîé v , òîãäà ¾ìãíîâåííûå¿
íàáëþäåíèÿ y :

y = f + v

Ïîìåõè îòñóòñòâóþò: f = y , v = 0
Ïîìåõè ìàëû: f ≈ y , v ≈ 0
Ïîìåõè óìåíüøàþòñÿ ñî âðåìåíåì: v → 0
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Íàáëþäåíèÿ ñ ïîìåõàìè
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T

T∑
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f (t) +
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v(t)
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Ïîìåõè íåçàâèñèìûå îäèíàêîâî ðàñïðåäåëåííûå ñ íóëåâûì ñðåäíèì è
îãðàíè÷åííîé äèñïåðñèåé

1

T

T∑
t=1

y(t) =
1

T

T∑
t=1

f (t) +
1

T

T∑
t=1

v(t)

0

⇒ f̄ (t) ≈ 1

T

T∑
t=1

y(t)
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Ïðîèçâîëüíûå âíåøíèå ïîìåõè

Åñëè ñèãíàë f ðåãèñòðèðóåòñÿ ñ ïîìåõîé v , òîãäà ¾ìãíîâåííûå¿
íàáëþäåíèÿ y :

y = f + v

v = 0

v ≈ 0

vt → 0 as t → ∞.

vt , t = 1, . . . ,T , � i.i.d., Evt = 0 è σ2v < ∞
vt � ïðîèçâîëüíûå âíåøíèå ïîìåõè
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Ñõåìà çàäà÷è

Ìîäåëü íàáëþäåíèé ìîæíî ïåðåïèñàòü â âèäå:

yt = utθ
⋆ + vt .

Ìîæíî

âûáèðàòü âõîäû (óïðàâëåíèÿ) ut , t = 1, 2, ...,T ,

èçìåðÿòü âûõîäû yt

Ðèñ.: Ìîäåëü íàáëþäåíèé.

Ïðè ut ≡ 1 ïîëó÷àåì îáû÷íóþ ïðîáëåìó îöåíèâàíèÿ íåèçâåñòíîãî
ïàðàìåòðà θ⋆ ïî íàáëþäåíèÿì ñ ïîìåõàìè.
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Ðàíäîìèçèðîâàííûå àëãîðèòìû

Ðàíäîìèçàöèÿ � ìîùíîå ñðåäñòâî äëÿ ðåøåíèÿ öåëîãî ðÿäà ïðîáëåì,
êîòîðûå êàæóòñÿ íåðåøàåìûìè äåòåðìèíèðîâàííûìè ìåòîäàìè.

Îïðåäåëåíèå

Ðàíäîìèçèðîâàííûì íàçûâàåòñÿ àëãîðèòì, â êîòîðîì âûïîëíåíèå
ïîëüçîâàòåëåì îäíîãî èëè íåñêîëüêî øàãîâ îñíîâàíî íà ñëó÷àéíîì
ïðàâèëå (ò. å. ñðåäè ìíîãèõ äåòåðìèíèðîâàííûõ ïðàâèë îäíî
âûáèðàåòñÿ ïîëüçîâàòåëåì ñëó÷àéíî â ñîîòâåòñòâèè ñ
âåðîÿòíîñòüþ P).
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¾Îáîãàùåíèå¿ íàáëþäåíèé

Ðàññìîòðèì ðàíäîìèçèðîâàííîå ïðàâèëî âûáîðà âõîäà íà ïåðâîì øàãå

ut =

{
+1, ñ âåðîÿòíîñòüþ 1

2
,

−1, ñ âåðîÿòíîñòüþ 1
2

ò. å. íà ïåðâîì øàãå ñëó÷àéíî âûáèðàåòñÿ îäèí èç 27 âîçìîæíûõ
íàáîðîâ âõîäîâ (óïðàâëåíèé). Íà âòîðîì øàãå ïî èçâåñòíûì ïàðàì
çíà÷åíèé (ut , yt) ôîðìèðóåì âåëè÷èíû

ỹt = ut · yt .

Äëÿ ¾íîâîé¿ ïîñëåäîâàòåëüíîñòè íàáëþäåíèé ñïðàâåäëèâà ìîäåëü

ỹt = ũt · θ⋆ + ṽt ,

â êîòîðîé ũt = u2t ≡ 1 è ṽt = ut · vt .
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Ñõåìà ðàíäîìèçèðîâàííîãî àëãîðèòìà
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Äâà òèïà àëãîðèòìîâ
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Ðåçóëüòàòû ìîäåëèðîâàíèÿ

θ⋆ = 3, θ̂t =
1

t

t∑
i=1

ỹi =
1

t

t∑
i=1

uiyi

Òàáëèöà

t 1 2 3 4 5 6 7

ut -1 1 -1 1 1 1 -1

vt = rand()− 0.5+m, m = 1

yt -2.1 3.8 -1.8 4.3 3.6 4.4 -2.3

ũt 1 1 1 1 1 1 1

ỹt 2.1 3.8 1.8 4.3 3.6 4.4 2.3

θ̂t 2.1 2.95 2.57 3.00 3.12 3.33 3.19

∀t, ∀ε > 0 Prob{|θ̂t − θ⋆| ≥ ε} ≤ 1

t

E{v2t }
ε2

+ o

(
1

t

)
.

[Granichin, IEEE TAC, 2004]
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Íåàñèìïòîòè÷åñêèé ðåçóëüòàò

Ïóñòü T = 7 � êîíå÷íîå ÷èñëî íàáëþäåíèé, vt � ïðîèçâîëüíàÿ
âíåøíÿÿ ïîìåõà. LSCR ìåòîä (M. Campi, EJC, 2010):

1 Ôèêñèðóåì M = 8 è q = 1. Âûáåðåì ñëó÷àéíî ñåìü (= M − 1)
ðàçëè÷íûõ íàáîðîâ ïî ÷åòûðå èíäåêñà T1, . . . ,T7.

2 Âû÷èñëèì ñåìü ÷àñòè÷íûõ ñóìì s̄i =
1
4

∑
j∈Ti

ȳj , i = 1, . . . , 7.

3 Ñôîðìèðóåì äîâåðèòåëüíûé èíòåðâàë

Θ̂ = [min
i∈1:7

s̄i ; max
i∈1:7

s̄i ],

ñîäåðæàùèé θ⋆ c âåðîÿòíîñòüþ p = 75% (= 1− 2 · q/M).
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Ðàíäîìèçàöèÿ êàê ñïîñîá ñîêðàùåíèÿ âû÷èñëèòåëüíîé

ñëîæíîñòè

Îáùàÿ èäåÿ:
Ïðåäïîëîæèì, ÷òî äåòåðìèíèðîâàííûé àëãîðèòì òåáóåò ¾îãðîìíîãî¿
íàáîðà âû÷èñëèòåëüíûõ ðåñóðñîâ äëÿ îáðàáîòêè âñåé äîñòóïíîé
èíôîðìàöèè.
Òîãäà ìîæíî ïîïðîáîâàòü âçÿòü òîëüêî ÷àñòü èíôîðìàöèè è ïîëó÷èòü
ðåøåíèå óïðîùåííîé çàäà÷è ñ ÷àñòè÷íîé èíôîðìàöèåé.
Â ýòîì ñëó÷àå, îäíàêî, êà÷åñòâà ðåøåíèÿ êàê ó äåòåðìèíèðîâàííîãî
àëãîðèòìà ìîæíî è íå äîñòè÷ü, íî ðàíäîìèçèðîâàííûé ïîäõîä
ïîçâîëÿò ãîâîðèòü î âåðîÿòíîñòíî-óñïåøíûõ àëãîðèòìàõ, åñëè óäàåòñÿ
ïîëó÷èòü ðåøåíèå ñ âûñîêîé âåðîÿòíîñòüþ. Êîìïðîìèññ ìåæäó
ãàðàíòèðîâàííûì óñïåõîì è âû÷èñëèòåëüíûìè âîçìîæíîñòÿìè
ïîëó÷èòü ðàçóìíûé îòâåò çà îãðàíè÷åííîå âðåìÿ.
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Ðàíäîìèçàöèÿ . . .

1928-30 . . .

von Neumann (minimax theorem), Fisher (remove bias)

1950 . . . 1975

Metropolis, Ulam (method Monte-Carlo)

Rastrigin, Kirkpatrick, Holland (random search, simulation annealing,
genetic algorithm)

1980 . . . 1999

Granichin, Fomin, Chen, Guo (randomized control strategies)

Polyak, Thzubakov, Luing, Gu�, Spall (fast algorithms)

Granichin (arbitrary noise)

Vadyasagar (randomized learning theory)

2000 . . .

Tempo, Campi, Cala�ore, Dabbene, Polyak, Sherbakov etc.

(probabilistic methods in a control syntheses, scenario approach)

Candes, Donoho, Romberg, Tao (compressive sensing)
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Çàìå÷àòåëüíûå ñâîéñòâà

Ñóùåñòâåííîå ñîêðàùåíèå ÷èñëà îïåðàöèé

Ñíèæåíèå íåãàòèâíîãî âëèÿíèÿ ñèñòåìàòè÷åñêèõ îøèáîê

Òî÷íîñòü îáû÷íî íå ñóùåñòâåííî çàâèñèò îò ðàçìåðíîñòè äàííûõ
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