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Fast Fourier Transform history

overview

FFT: Cooley-Tukey (1965). Originaly it was invented

by Carl Friedri
h Gauss (1805).

The Fourier matrix de
omposition: Pease (1968)

Prime fa
tor algorithm: Good (1958)

split-radix FFT: Yavne (1968)

Small FFTs algorithms: Winograd (1978)

Parametri
 representation of indi
es: Sverdlik (1984)

Notes on the FFT: Burrus (1997)
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Fast Fourier Transform modern

history

A methodology for designing, modifying and

implementing Fourier transform algorithms on various

ar
hite
tures: Johnson J., Johnson R. W.,

Rodriguez D., Tolimieri R. (1990)

FFTW: Frigo, Johnson (2005)

SPIRAL: P�us
hel M., Moura J. M. F., Johnson J., Padua D., Veloso

M., Singer B., Xiong J., Fran
hetti F., Ga�
i�
 A., Voronenko Y., Chen K., Johnson

R. W., Rizzolo N. (2005)

Parametri
 Fast Fourier Transform: Prosekov,

Malozemov (2008)
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Fast Fourier Transform

appli
ations

Fast large-integers and polynomial multipli
ation

E�
ient matrix-ve
tor multipli
ation for Toeplitz,


ir
ulant and other stru
tured matri
es

Filtering (
onvolution) algorithms

Solving di�eren
e equations

Fast Dis
rete Cosine and Sine transforms (e. g. fast

DCT used JPEG and MP3/MPEG en
oding/de
oding)

Convolution Neural Network (CNN)
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Parametri
 
oding of indi
es

Consider the Fourier matrix FN with elements

FN [k, j] = ωkj
N , k, j ∈ 0 : N − 1 , ωN = exp(2πi/N) .

Let N = n1n2 · · ·ns. Suppose that, for ea
h ν ∈ 1 : s, there

exits numbers pν, qν (parameters) 
oprime to nν and

numbers Dν, Gν (bases) su
h that

j =

〈 s
∑

ν=1

jν pνDν

〉

N

, jν ∈ 0 : nν − 1 ,

k =

〈 s
∑

µ=1

kν qνGν

〉

N

, kν ∈ 0 : nν − 1 .
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Important notations

Let

N = n1n2 · · ·ns ;

∆ν = n1n2 · · ·nν−1 for ν ∈ 2 : s + 1, ∆1 = 1 ;

Nν = nν+1nν+2 · · ·ns for ν ∈ 0 : s − 1, Ns = 1 .

Obviously, ∆ν nν Nν = N for all ν ∈ 1 : s. Any number

j ∈ 0 : N − 1 
an be uniquely represented in the form

j =

s
∑

ν=1

jν ∆ν , jν ∈ 0 : nν − 1 .

j = (js, js−1, . . . , j1)ns,ns−1...,n1 � mixed 
ode of the number j.

We use Krone
ker multipli
ation of matri
es: A ⊗ B =
[

aij B
]

O&ML seminar PARAMETRIC FFT - Oleg Prosekov 6/16



Parametri
 Fast Fourier Transform

Choi
e of bases: Dν = ∆ν and Gν = Nν .

THEOREM. For any parametri
 ve
tor p = (p1, p2, . . . , ps),

the Fourier matrix FN admits the representation

FN =
(

Rev
(q1,...,qs)
n1,...,ns

)T

( s
∏

ν=1

(

INν
⊗ Twid

(p1,...,pν−1,qν)
n1,...,nν−1,nν

)

×

×
(

INν
⊗ Fnν

⊗ I∆ν

)

)

Mix
(p1,...,ps)
n1,...,ns

,

where q = (q1, q2, . . . , qs) is the adjoint parametri
 ve
tor

with elements are de�ned by the 
ondition 〈qν pν〉nν
= 1

for ν ∈ 1 : s.
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Diagonal parametri
 twiddle ma-

trix

Twid
(p1,...,pν−1,pν)
n1,...,nν−1,nν

[j, j] = ω
jν pν

∑ν−1
α=1 jα pα∆α

∆ν+1
, ν ∈ 2 : s .

Here, j = (jν, jν−1, . . . , j1)nν ,nν−1,...,n1
. Twid

(p1)
n1

:= In1

.

Example: N = 2 · 3 · 4, p = (3, 2, 3) and q = (1, 2, 3)

Number of nontrivial elements (di�erent from ±1 and ±i):

Twid
(1,1)
2,3 � 2 elements, Twid

(3,2)
2,3 = I6 ,

Twid
(1,1,1)
2,3,4 � 12 elements, Twid

(3,2,3)
2,3,4 � 6 elements.
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Parametri
 permutations

Let j = (js, . . . , j1)ns,...,n1

. We introdu
e permutations

mix(p1,p2,...,ps)
n1,n2,...,ns

(j) =

〈 s
∑

ν=1

jν pν∆ν

〉

N

,

rev(p1,p2,...,ps)
n1,n2,...,ns

(j) =

〈 s
∑

ν=1

jν pνNν

〉

N

.

Parametri
 permutation matri
es Mix
(p1,...,ps)
n1,...,ns

and

Rev
(p1,...,ps)
n1,...,ns

are de�ned in a standard way. For example

Rev
(p1,...,ps)
n1,...,ns

[i, j] =







1, if j = rev(p1,...,ps)
n1,...,ns

(i),

0 otherwise.
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Parametri
 prime fa
tor method

Consider most strong example. Let the fa
tors nν be

pairwise 
oprime. Then

Mix
(p1N1,p2N2,...,pνNν)
n1,n2,...,nν

= Rev
(p1∆1,p2∆2,...,pν∆ν)
n1,n2,...,nν

=

=: Perm
(p1,p2,...,pν)
n1,n2,...,nν

.

In this 
ase Twid
(p1N1,...,pν−1Nν−1,pν∆ν)
n1,...,nν−1,nν

= I∆ν+1

.

The theorem implies fa
torization (like Good's PFA)

FN =
(

Perm
(q1,...,qs)
n1,...,ns

)T (

Fns
⊗ · · · ⊗ Fn1

)

Perm
(p1,...,ps)
n1,...,ns

,

where 〈qν∆ν pνNν〉nν
= 1 for ν ∈ 1 : s.
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De
omposition of parametri


permutation matri
es

THEOREM. For s > 2 the following de
ompositions hold:

Mix
(p1,p2,...,ps)
n1,n2,...,ns

=

s−1
∏

ν=0

(

Mix
(ps−ν ,1)
ns−ν ,Ns−ν

⊗ I∆s−ν

)

,

Rev
(p1,p2,...,ps)
n1,n2,...,ns

=
s
∏

ν=1

(

INν
⊗ Rev

(1,pν)
∆ν ,nν

)

.

Parametri
 permutation are 
onne
ted by equation

Rev
(p1,...,ps)
n1,...,ns

= Rev
(1,...,1)
n1,...,ns

Mix
(ps,...,p1)
ns,...,n1

.
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Parallel-Ve
tor Computations

I∆ν
⊗ Fnν

⊗ INν

Example: Let X = (I2 ⊗ F2 ⊗ I2)x

I2 ⊗ F2 ⊗ I2 =















I2 I2 02 02

I2 −I2 02 02

02 02 I2 I2

02 02 I2 −I2















.

Then





X0

X1



 =





x0

x1



 +





x2

x3



 ,





X4

X5



 =





x4

x5



 +





x2

x3









X2

X3



 =





x0

x1



 −





x2

x3



 ,





X6

X7



 =





x6

x7



 −





x2

x3





O&ML seminar PARAMETRIC FFT - Oleg Prosekov 12/16



2D DFT

Let x(j1 + j2 m1) = x(j1, j2) and

X =
(

F̄m2
⊗ F̄m1

)

x ,

where F̄mµ
[k, j] = ω−kj

mµ

, k, j ∈ 0 : mµ − 1, µ ∈ 1 : 2. Then

X(k1, k2) = X(k1 + k2 m1).

or maxtrix form

X = F̄m1
x F̄m2

NOP (Flatten) is a layer in neural networks that reshapes

the input data into a one-dimensional array without


hanging its 
ontent.
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Implementations

1. OAO ÎÊÅÀÍÏ�ÈÁÎ� (Ìîð�èçïðèáîð): �ÀÊ

Ì�Ê-400ÝÌ-03 Ì�Ê-400ÝÌ (2007)

2. Virage Logi
 (ARC): Real-Valued FFT Implementation

(2009)

3. Samsung: 2-dimensional Fast Fourier transform for

sizes Kx8 (2020)
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Thank you!

Vasily N. Malozemov

(Do
tor of Phys. and Math. S
i., Professor)

Oleg V. Prosekov

(PhD, Senior Software Engineer of Verisure Innovation AB)

S
ienti�
-resear
h seminar on Dis
rete Harmoni
 Analysis

and Computer Aided Geometri
 Design (DHA & CAGD)

http://www.dha.spb.ru/

(in Russian)
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