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Fast Fourier Transform history
overview

FFT: Cooley-Tukey (1965). Originaly it was invented
by Carl Friedrich Gauss (1805).

The Fourier matrix decomposition: Pease (1968)
Prime factor algorithm: Good (1958)

split-radix FFT: Yavne (1968)

Small FFTs algorithms: Winograd (1978)

Parametric representation of indices: Sverdlik (1984)

Notes on the FFT: Burrus (1997)
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Fast Fourier Transform modern
history

A methodology for designing, modifying and
implementing Fourier transform algorithms on various
architectures: Johnson J., Johnson R. W_,

Rodriguez D., Tolimieri R. (1990)

FFTW: Frigo, Johnson (2005)

SPIRAL: Piischel M., Moura J. M. F., Johnson J., Padua D., Veloso

M., Singer B., Xiong J., Franchetti F., Gaci¢ A., Voronenko Y., Chen K., Johnson
R. W., Rizzolo N. (2005)

Parametric Fast Fourier Transform: Prosekov,
Malozemov (2008)
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Fast Fourier Transform
applications

Fast large-integers and polynomial multiplication

Efficient matrix-vector multiplication for Toeplitz,
circulant and other structured matrices

Filtering (convolution) algorithms
Solving difference equations

Fast Discrete Cosine and Sine transforms (e. g. fast
DCT used JPEG and MP3/MPEG encoding/decoding)

Convolution Neural Network (CNN)
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Parametric coding of indices

Consider the Fourier matrix Fn; with elements

Fnlk,jl=wi, k,j€O0:N —1, wxn =exp(2wi/N).

Let N = nins---n,. Suppose that, for each v € 1 : s, there

exits numbers p,, q, (parameters) coprime to n, and
numbers D,, G, (bases) such that

j:<Zj,,p,,D,,> ] Jb€O:m, — 1,
v=1 N

k:<2k,,q,,G,,> : k,c0:n, —1.
p=1 N/
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Important notations

Let
N =ning -+ ng;

A, =ning+--nNy,_1 forvre2:s+1, A1 =1;
N, =ny,11ny42---ng forvr €¢0:s—1, Ng;=1.

Obviously, A, n, N, = N for all v € 1 : s. Any number
7 € 0: N — 1 can be uniquely represented in the form

S
i=) dvAy, Jy€0:m, —1.
v=1
J = (JsyJs—15+++9J1)namn._1...,ns — Mixed code of the number j.

We use Kronecker multiplication of matrices: A ® B = |a;; B]
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Parametric Fast Fourier Transform

Choice of bases: D, = A, and G, = N, .

THEOREM. For any parametric vector p = (p1, P2s--.5Ps),
the Fourier matrix Fxy admits the representation

nl,...,nu_l,nu

Fn = (Rev(qll,...--,qs))T( H (IN,, K ijd(pl,-.-,pu_l,qu)) %

v=1

X (In, ® Fn, ® IA,,)>Mfoﬁl,flﬁ;;f§) .

where ¢ = (q1,92,...,qs) is the adjoint parametric vector
with elements are defined by the condition {(q, p,),,6 =1
forv €1 : s.
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Diagonal parametric twiddle
trix

T 'd(p19°°°7pv—17pv) 1 ijVZZ;ijapaAa
wid, o9, 9] = Wi ,

ma-

vV E2:s8.

Here, j = (JusJu—1s+++»>J1)numu_1sne - TWidPH := 1T, .

Example: N =2:3-4,p=(3,2,3) and g = (1,2, 3)

Number of nontrivial elements (different from 41 and -
Twidgél) — 2 elements, Twidg?{f) = Ig,

-1):

Twidgfgf;f) — 12 elements, Twidg?é?f) — 0 elements.
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Parametric permutations

Let 3 = (Jsy+-+971)n.....n,- VWe introduce permutations

mix(P1P2p) () = <Z i p,,Au>N,
vr=1

revq(fll,;f;’.'jo',fj () = <Z Ju P VNV>N
v=1

Parametric permutation matrices Mix(P*Ps) and

’I’Ll,...,’ns
Rev(P1-+Ps) are defined in a standard way. For example

nl ,coc,ns

if 1 = (P15---sPs) (4
ReV(pl’""ps)[i,j] p— 1, if J = revnll,...,ns (Z)’
1 eee

0O otherwise.
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Parametric prime factor method

Consider most strong example. Let the factors n, be
pairwise coprime. Then

MI'X(plNlap2N29"°7pVNU) — Rev(plAlap2A27"'avaU) —
M1 4T029e0esMyp M1 T2 9eees Ty

—0 (p17p27"°ap1/)
— Permnl,nz’m,ny .

In this case TwidPNtPr—1No—1PvAv) — T

TV geeesTlpy—1 M v+1-°
The theorem implies factorization (like Good’'s PFA)

Fn = (Perm(Q1,...,q.s))T(FnS R Fnl)Perm(pl,...,ps) ]

MnN14eee9MNg T geeeyMg
where (¢, A, p,N,),, =1 forv €1 :s.
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Decomposition of parametric
permutation matrices

THEOREM. For s > 2 the following decompositions hold:
s—1

Mix®rpz-p) = TT(Mix?* %) ® Ia,_,) ;

v=0

S

Rev® P22 = TT (Iy, ® Revi™)).

nl’n2,coc’ns AU,nU
vr=1

Parametric permutation are connected by equation

(pla 7p8) R (13 71) (p87 7p1)
Revnl, e Revnl, ,nsl\/_hxns, jjay
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Parallel-Vector Computations
IA,, ® Fn,, ® IN,,

Example: Let X = (I2 X F2 X Iz) xIr

Io ¥ Fo Q@ Is =
0, 0o, I, I
Then 02 02 Ip —Ir
Xo T T2 X4 Ty To
— + ’ — +
X1 T T3 X5 Ts5 T3
X2 o T2 Xe| |ze To
X3 1 I3 ’ X7 L7 3
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2D DFT

Let (71 + j2o m1) = x(J1,J2) and
X = (Fm2 09 le) T,

where F,, [k, j] = w;’fbj, k,jeE0:m, —1, u €1:2. Then

X(kl, kz) = X(kl —+ kz ml).

or maxtrix form

X =F, zF,,

NOP (Flatten) is a layer in neural networks that reshapes
the input data into a one-dimensional array without
changing its content.
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Implementations

1. OAO OKEAHMNPUBOP (Mopdusnpubop): FAK
MIK-4003M-03 MIK-4003M (2007)

2. Virage Logic (ARC): Real-Valued FFT Implementation
(2009)

3. Samsung: 2-dimensional Fast Fourier transform for
sizes Kx8 (2020)
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Thank you!

Vasily N. Malozemov
(Doctor of Phys. and Math. Sci., Professor)

Oleg V. Prosekov
(PhD, Senior Software Engineer of Verisure Innovation AB)

Scientific-research seminar on Discrete Harmonic Analysis
and Computer Aided Geometric Design (DHA & CAGD)

http://www.dha.spb.ru/

(in Russian)
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