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Approximations

Neural Networks (local approximation)

Least squares
Uniform approximation

Rational approximations

Least squares (general nonconvex optimisation)
Uniform approximation: quasiconvex problem, there are optimisation
methods that lead to a global solution, most of them are based on the
application of linear programming techniques.
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Quasiconvex functions

Definition

Let D be a convex subset of Rn. A function f : D → R is quasiconvex if
and only if its sublevel set

Sα = {x ∈ D | f (x) ≤ α}

is convex for any α ∈ R. The set Sα is also called an α-sublevel set.
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Quasiaffine functions

Definition

A function f : D → R, where D is a convex subset of Rn, is called
quasiconcave if −f is quasiconvex.

Definition

Functions that are both quasiconvex and quasiconcave are called
quasiaffine.
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Important observations.

Quasiconvex functions do not need to be continuous.

In the case of univariate functions, quasiaffine functions are monotone
functions.

Sublevel sets of quasiaffine functions are half-spaces.

If a function is quasiaffine on Rn (unconstrained problems) then, from
the definition, its level sets must be half-spaces, and it is clear that
the hyperplanes defining these half-spaces need to be parallel. In the
presence of constraints, this observation is not valid.
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Example where the hyperplanes-boundaries of sublevel sets
are not parallel

Consider f (x , y) = x
y , where y > 0. The sublevel sets are

Sα = {(x , y) :
x

y
≤ α, y > 0},

where α is a given real number. Then Sα can be described as

{x − αy ≤ 0, y > 0}.

Each sublevel set is still a half-space, but the corresponding hyperplanes
(in this example they correspond to level sets) are not parallel. These
hyperplanes intersect at (0, 0), but this point is excluded from the domain
due to the requirement for the denominator y to be strictly positive.
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Neural Network (no hidden layer)
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Neural Network (Wikipedia picture: creative commons)
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Neural Network: activation function and weights

ϕ(W , x) = σ

 n∑
j=1

wjx
i
j + w0

 , (1)

σ is called activation function. This is a chosen function, not subject
to optimisation.

W are weights (subject to optimisation).

If one or more hidden layer is present, ϕ becomes a composition,
where affine transformations are alternating with (different) activation
functions.
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Approximation by a quasiaffine function

Then the problem is as follows:

minimise z̃ (2)

subject to
f (x)− g(A, x) ≤ z̃ , x ∈ X , (3)

g(A, x)− f (x) ≤ z̃ , x ∈ X , (4)

where g(A, x) is a quasiaffine function with respect to A. Since the
sublevel sets of quasiaffine functions are half-spaces, the constraint
set (3)-(4) is a polytope, since X is a finite grid.
A finite number of linear constraints may be added to (2)-(4), while the
constraint set remains a polytope.
One possible method to solve is Bisection.
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How to solve

min z (5)

subject to

f (t)− ATG (t)

BTH(t)
≤ z , (6)

ATG (t)

BTH(t)
− f (t) ≤ z , (7)

BTH(t) > 0. (8)

One can now define a bisecting interval with upper (u) and lower (l)
bounds and fix the z at the mid-point of the interval. Then, check if the
set of constraints (6)-(8) has a feasible solution. If there is a feasible point,
update the upper bound u = z , otherwise update the lower bound l = z .
This procedure terminates when u − l < ε where ε is a small number.
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Ratios of two linear forms

Ratios of two linear forms (linear combinations of known functions, also
called basis functions) are quasilinear as functions of their coefficients:

ATG (x)

BTH(x)
,

where A,B ∈ Rn are the variables,
G (x) = (g1(x), . . . , gn(x)) and H(x) = (h1(x), . . . , hn(x)). The
denominator is positive.
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Ratios of linear forms are quasiaffine

ATG (x)

BTH(x)
,

where A,B ∈ Rn are the variables,
G (x) = (g1(x), . . . , gn(x)) and H(x) = (h1(x), . . . , hn(x)) > 0.
Consider the sublevel set:

Sα = {(A,B) :
ATG (x)

BTH(x)
< α},

Sα = {(A,B) : ATG (x) < αBTH(x)},

Sα = {(A,B) : ATG (x)− αBTH(x) < 0},

where α is a given real number.
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Rational networks

These functions are very powerful approximation tools and one of the
possibilities is just to approximate our function by rational (basis functions
are monomials) or generalised rational (continuous basis functions)
functions.
In this case, the structure (activation function applied to an affine
mapping) is not relevant anymore.
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Modifications

1 NN with ReLU activation function,

2 NN with rational approximation to ReLU activation (we apply the
differential correction method to approximate ReLU),

3 NN with rational activation function, the coefficients of the rational
activation function are learnt from NN,

4 NN with rational activation, the coefficients of the rational activation
function and the parameters of the network are learnt with the split
method, where the training process is done in three steps: between
the input layer and the hidden layer and then between the hidden
layer and the output layer, and finally, the coefficients of the rational
activation,

5 Rational approximation (Differential correction), this is the direct
rational approximation between the input and output layer,

6 Rational approximation (AAA), this is the direct “near-optimal”
rational approximation between the input and output layer.
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Non-smooth and non-Lipschitz function approximation

The domain is a segment (univariate function). We approximate the
nonsmooth function

f (x) =
√
|x − 0.25|, x ∈ [−1, 1], (9)

by using the above approaches with different conditions (number of nodes
in the hidden layer, number of epochs, etc.). The choice of the function
f (x) is due to its difficulty for most approximation techniques: this
function is nonsmooth and non-Lipschitz at x = 0.25.
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NN with ReLU (10 nodes in the hidden layer)

Table: Results: experiments of NN with ReLU activation

Epoch Final loss Minimum loss Run time (per epoch)

50 0.384359 1.14s ± 113ms
50 0.384359

100 0.289953 1.27s ± 161ms
100 0.289953

200 0.150630 1.44s ± 203ms
199 0.150488
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Rational activation function

Table: Results: experiments with rational activation function

Epoch Final loss Minimum loss Run time (per epoch)

50 0.356822 1.44s ± 123ms
49 0.356078

100 0.201677 2.29s ± 1.39ms
98 0.201677

200 0.165149 1.51s ± 179ms
198 0.154735
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Direct rational approximation

Table: Direct rational approximation for degrees (21, 20), (20, 20) and (21, 21) by
the differential correction method.

Degrees Error (uniform norm) Run time

(21,20) 0.003123 46.7 s

(20,20) 0.003244 47.2 s

(21,21) 0.002815 47.5 s
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AAA method

Table: Results: AAA method, degree (20,20) and (21,21)

Degrees Error type Error Run time

(20,20) Uniform error 0.000261 450ms
MSE 0.00055

(21,21) Uniform error 3.679617e-06 496ms
MSE 4.84345e-05
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Pictures
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Figure: Approximation is computed by a neural network with ReLU activation, 50,
100 and 200 epochs.
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Figure: Approximation by the differential correction method, rational
approximation degree is (21, 20), (20, 20) and (21, 21) respectively.
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Multivariate example

We approximated a solution to the KdV (Korteweg-de Vries) equation.
This equation appears in many applications, including fluid dynamics,
waves and symmetry:

ut = −uux − uxxx , u(x , 0) = − sin(πx/20).

In the original paper, the authors using four neural networks, which
contain ReLU, sinusoidal, rational, and polynomial activation functions.
Boull´e, N., Nakatsukasa, Y. & Townsend, A. (2020), ‘Rational neural
networks’, Advances in Neural Information Processing Systems 33,
14243–14253.
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Original

Figure: Pictures constructed for the original data set taking all the points of the
domain: 3D and 2D view
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10th point

Figure: Pictures constructed for the original data set taking the pairs of every 10th

point of the domain: 3D and 2D view
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20th point

Figure: Pictures constructed for the original data set taking the pairs of every 20th

point of the domain: 3D and 2D view of the original data set
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Results

Table: Uniform error and computational time for the degree (18,18) approximation

Uniform error Time (sec.)

Every 20th point of the domain 0.014062 66.460222

Every 10th point of the domain 0.034389 167.995076

Table: Uniform error and computational time for the degree (20,20) approximation

Uniform error Time (sec.)

Every 20th point of the domain 0.010817 158.933609

Every 10th point of the domain 0.027058 438.548139
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Regularisation

Since the vectors (A,B) and (αA, αB) correspond to the same rational
function, we need a scaling approach. Some common methods exist, such
as keeping all the coefficients of the denominator between −1 and 1.
In our approach, we fix one of the coefficients of the denominator. In
addition, we require that BTH(t) > 0. In practice, this can be
implemented as the linear constraint BTH(t) ≥ δ, where δ is a small
positive number.
Bounding the denominator from above can be considered a regularisation
approach. This approach may improve the performance of the bisection
and differential correction methods. Indeed, by governing the ratio

Cr =
maxt B

TH(t)

mint BTH(t)
≤ u

`
, (10)

we control the constraint matrices appearing in these linear programming
problems.
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Overfitting

Figure: Overfitting: Wikipedia
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