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The main idea of the problem

Suppose we have a system that faces an external shock.

For example, it can be a migration crisis, an energy-price shock, a security crisis, or another
external problem.

The total size of this external shock is fixed. We cannot change it. But we can stage this
shock over time.

Our main goal is to find an optimal way of staging the shock so that the system remains
safe.
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Three groups in the original model

In the original compartmental interpretation, the population is divided into three groups.
Their normalized shares satisfy

C(t) + A(t) + S(t) = 1, C(t),A(t),S(t) ≥ 0.

C(t): baseline group
People who know about
the external problem, but
whose political behavior
has not changed
because of it.

A(t): dissatisfied group
People who are affected
by the problem and
dissatisfied, but are not
yet taking active political
action.

S(t): active group
People whose
dissatisfaction has
developed into active
mobilization or another
active political response.
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How the three groups interact

Between external shocks, the model contains four continuous flows.

C(t)
baseline

A(t)
dissatisfied

S(t)
active

external shock

ρA

βCS

δAS

µS

A shock first raises A. Afterwards dissatisfaction may decay, while existing mobilization can
draw people from C or A into the active group S.
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Reduction to two state variables

Since
C(t) = 1 − A(t)− S(t),

only two variables are independent. Eliminating C gives

Ṡ = S
[
(β − µ)− βS + (δ − β)A

]
, Ȧ = −(ρ+ δS)A.

A(t)
Accumulated dissatisfaction / tension.

S(t)
Active mobilization response.

Omelchenko – Impulse control with a threshold constraint 5



What do we mean by “safe”?

The key question is whether the mobilization response dies out and the system returns to
normal, or whether a small response is amplified.

There is a critical threshold for the accumulated tension.

If A(t) stays below this threshold, near-baseline mobilization is damped. If A(t) goes
above the threshold, a small mobilization response can grow.

In the conservative benchmark, we choose the temporal distribution of the fixed shock so
that A(t) remains below this threshold.
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A familiar type of optimization problem

In this sense, the problem is a familiar type of optimization problem.

The total amount to be processed is fixed. What may be changed is the temporal profile: one
large action, a small number of stages, or a longer sequence of smaller stages separated by
recovery periods.

Same total shock, different temporal profile: one profile may stay below the threshold,
while another profile may cross it.

Before writing equations, it is useful to look at the simplest intuitive example.
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A simple analogy

Imagine a bartender pouring beer into a glass.

If he pours all the beer at once, the foam will
overflow.

So instead, he pours a little, waits, and then adds
a little more. Usually he does this in several
steps.

As a result, he ends up with a full glass of
beer without the foam overflowing.

AI-generated illustration

Omelchenko – Impulse control with a threshold constraint 8



What the beer analogy means

The analogy with our problem is quite direct.

Beer
The total external load Q.

Foam
The accumulated tension
A(t).

Rim of the glass
The critical threshold.

The mobilization response S(t) has no direct analogue in this simple beer example. It is
the response that may be triggered when A(t) becomes too high.

We want to distribute the shock over time so that the accumulated tension does not cross the
threshold.
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From the analogy to the model

Now let’s move from the analogy to our model.

Let me remind you that our model is described by a system of two ordinary differential
equations.

Accumulated tension
The equation for A(t) describes
accumulated tension in society.

Mobilization response
The equation for S(t) describes the
mobilization response.

The system is

Ṡ = S
[
(β − µ)− βS + (δ − β)A

]
, Ȧ = −(ρ+ δS)A.
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The equation for mobilization

The mobilization equation can be written as

Ṡ = S[−γ − βS + αA], γ = µ− β > 0, α = δ − β > 0.

Equivalently,

Ṡ = S
[
α(A −∆c)− βS

]
, ∆c =

γ

α
.

The value ∆c is not imposed from outside. It comes directly from the equation for S.
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What the threshold means

The meaning of ∆c is simple.

If A(t) ≤ ∆c , then
Ṡ ≤ −βS2 ≤ 0.

So the mobilization response cannot grow.

If A(t) > ∆c , this does not mean that the whole system is unstable.

It only means that a sufficiently small mobilization response may grow for some time.
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The conservative equation for A(t)

Now let us look at the second differential
equation, the equation for A(t):

Ȧ = −(ρ+ δS)A.

The right-hand side contains a term that
depends on S(t).

Since S(t) is nonnegative, this term can only
reduce A(t).

So, by omitting this term, we obtain

Ȧred = −ρAred.
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A conservative approximation

The simplified equation describes a reservoir where the accumulated tension decreases
more slowly.

For the same initial value, and for the same releases,

Afull(t) ≤ Ared(t).

If the conservative approximation stays below ∆c , then the original nonlinear model is
also safe.

This is a sufficient safety test. It is not an equivalence.
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Single release

Now consider one release in the
conservative reservoir:

Ared(0) = q, Ared(t) = qe−ρt .

If q ≤ ∆c , the release is immediately
threshold-safe.

If q > ∆c , then Ared(t) stays above the
threshold for a finite time interval. 0.0 0.5 1.0 1.5 2.0 2.5 3.0
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Single-release amplification

For one release, define
E(q) = 0 (q ≤ ∆c),

E(q) =
α

ρ

(
q −∆c −∆c log

q
∆c

)
(q > ∆c).

In the linearized near-baseline equation

ṡ = [−γ + αAred(t)]s,

this is the exact maximum logarithmic gain:

E(q) = max
t≥0

log
s(t)
s(0)

.
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Why E(q) is useful

Suppose we split the total shock Q into several releases:

q1 + q2 + · · ·+ qn = Q.

In the complete-recovery benchmark, the releases are independent, and the total exposure
is

E(q1) + E(q2) + · · ·+ E(qn).

Since E is convex and E(0) = 0,

E(q1) + · · ·+ E(qn) ≤ E(Q).

In this benchmark, splitting one release into several parts cannot increase the total
exposure.
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Benchmark 1: complete recovery

First, suppose that the time between releases is long enough for the accumulated tension to
become negligible.

For fixed n, the equal split is always one minimizer:

q1 = q2 = · · · = qn =
Q
n
.

But it is not always the only minimizer.

If Q < n∆c , then any split with qi ≤ ∆c is safe and optimal. At Q = n∆c , the equal split
qi = ∆c is the unique zero-exposure split. If Q > n∆c , the equal split is the unique
minimizer.
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Benchmark 2: finite recovery

Now fix the number of releases n and
the interval τ between them.

Some accumulated tension remains
before the next release, so the releases
are no longer independent:

Ak = e−ρτAk−1 + qk .

The objective is to minimize the
maximum post-release level of A.
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Benchmark 2: threshold strategy

To use the full safe capacity, we keep the post-release peak at the threshold.

First release: reach the target level ∆c .
Later releases: replace only what has disappeared during the recovery time τ .

With λ = e−ρτ , full use of the safe capacity gives

q∗
1 = ∆c , q∗

2 = · · · = q∗
n = (1 − λ)∆c .

This is the loading–maintenance pattern: equal peaks, not equal releases.
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Benchmark 3: fixed total time

In the third benchmark, the total available
time T is fixed.

We ask for the largest total load that can
be processed without crossing the
threshold.

With more and more releases, the
capacity approaches

Qsafe
sup (T ) = ∆c(1 + ρT ).

This is a supremum over finite schedules.
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What the benchmark shows

These benchmark cases are useful because they make the logic transparent.

But they answer three different questions:

▶ minimize cumulative exposure;

▶ minimize the peak level;

▶ maximize safe capacity in a fixed time.

The common limitation is that the unreleased part of the load is dynamically free: while it
is outside the reservoir, it creates no tension.
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What is missing from the benchmark?
Beginning of the extension

The benchmark is useful because it gives explicit threshold-safe schedules.

But it has one structural limitation: the unreleased part of the load is outside the system.

In the benchmark, waiting is dynamically harmless.
In a political system, an unresolved problem may create

tension.

So the extension should include the cost of acting and the cost of waiting.
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Backlog and implementation rate
A minimal way to make waiting costly

We introduce a remaining load, or backlog,

B(t), B(0) = Q.

We also introduce an implementation rate

u(t), Ḃ(t) = −u(t), 0 ≤ u(t) ≤ U.

aB(t)
Tension created by the unfinished
programme.

bu(t)
Tension created by implementation itself.
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The extended model
Backlog–tension–mobilization dynamics

The continuous version is
Ḃ = −u,

Ȧ = aB + bu − (ρ+ δS)A,

Ṡ = S(−γ − βS + αA).

The objective is the fastest safe completion:

minT , B(T ) = 0, S(t) ≤ S̄ (t ≥ 0).

The older threshold ∆c = γ/α is still the near-baseline growth threshold. The new level
S̄ is the tolerated peak mobilization.
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Safety after completion
The terminal condition should not be too strong

After completion, B = 0 and there is no further input. The remaining autonomous system is
two-dimensional.

The condition A(T ) ≤ ∆c is sufficient, but it is not necessary.

Define

Ab =
γ + βS̄

α
.

For A > Ab, the exact safe boundary is obtained from one scalar ODE:

ds∗
dA

=
s∗(γ + βs∗ − αA)

(ρ+ δs∗)A
, s∗(Ab) = S̄.
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Boundary arithmetic
What happens if the cap is active

If a trajectory stays on the active boundary

S(t) = S̄,

then necessarily

A(t) = Ab =
γ + βS̄

α
.

Substitution into the A-equation gives

ub(B) =
(ρ+ δS̄)Ab − aB

b
.

Larger backlog leaves less room for implementation. As the backlog is reduced, the safe
boundary rate increases.
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Why this is not the full solution
The boundary formula is only local information

The formula for ub(B) tells us how to move if we are already on the active boundary.

It does not tell us how to reach the boundary, when to leave it, or whether the resulting path
is globally optimal.

A useful local warning is

S̈ = αS̄
(
aB + bu − (ρ+ δS̄)Ab

)
at S = S̄, A = Ab.

Waiting until S = S̄ can be too late. Safe pacing may require anticipatory slowing down.
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Back to discrete releases
Keeping the original staging idea

The same mechanism can be written as a discrete release problem.

Between releases,

Ḃ = 0, Ȧ = aB − (ρ+ δS)A, Ṡ = S(−γ − βS + αA).

At a release of size qi ,

B(t+i ) = B(t−i )− qi , A(t+i ) = A(t−i ) + bqi , S(t+i ) = S(t−i ).
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The discrete optimization problem
Times, sizes, and a future safety constraint

Choose

0 ≤ t1 < · · · < tn = T , qi > 0,
n∑

i=1

qi = Q.

Minimize T subject to
S(t) ≤ S̄ for all t ≥ 0.

Each release has two opposite effects: it increases current tension, but it reduces future
backlog pressure.

The optimal sizes need not be equal, and the optimal intervals need not be equal.
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A first analytical window
A normalized solvable family

In a linear-logarithmic limit, the discrete problem becomes

W ′ = 0, y ′ = W − y , x ′ = y − 1, x(t) ≤ 0,

with jumps
(W , y , x)+ = (W − p, y + p, x)−.

Here x is the logarithmic safety margin, and y = 1 corresponds to the old threshold ∆c .

This limit is not the final model, but it is analytically transparent and gives testable
structural predictions.
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What is already solved for this family
One and two releases

For the initial state
(W , y , x)(0−) = (2, 0,−h)

there are two critical levels

hs ≈ 0.11493, hc ≈ 0.17903, c = 1 − log 2.

Range of h
Structure of the optimum

h ≥ c
one immediate release is safe

hs ≤ h < c
two releases are already globally optimal, even among positive measures

0 < h < hs
every additional finite release strictly improves the optimum
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The limiting continuous object
Many releases converge to a measure-valued optimum

When 0 < h < hs, the optimal finite-release times satisfy

T ∗
2 > T ∗

3 > T ∗
4 > · · · > T ∗

M.

The limit is not an ordinary bounded-rate control. It is a positive measure:

µ∗ = (1 + η)δ0 + ηet−log 21(ta,tb)(t)dt + (1 − η∗)δT∗
M
.

The finite schedules converge to a mixed object: an initial release, a continuous
boundary-tracking part, and a final release.
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Three releases
First internal stage of the limiting boundary arc

For 0 < h < hs, the three-release problem admits a global one-dimensional reduction:

T ∗
3 (h) = log 2 + min

0<m<H
{ℓ(m) + d(H − m)}.

Near h = hs a new internal release is born:

p2 ∼ hs − h
1 − log 2

, t2 − log 2 ∼ hs − h
2hs

.

The gain over two releases is quadratic, while the remaining gap to the measure-valued
optimum is cubic.
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What survives in the nonlinear model?
Current status

Some results persist beyond the linear-logarithmic family.

▶ active peaks in the full model occur at the same point A = (γ + βS̄)/α, S = S̄;

▶ a positive release cannot occur exactly at an active peak;

▶ two- and three-release structures persist under small nonlinear perturbations when the
active set is nondegenerate;

▶ a small nonlinear transition between two boundary contacts has a positive cubic time
loss relative to the continuous boundary motion.
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Recent analytical results
Not discussed in detail today

▶ Exact terminal safe set via one scalar ODE.

▶ No internal singular arcs for normal continuous extremals.

▶ Full n ≤ 2 classification in the normalized linear-logarithmic family.

▶ Threshold hs: finite saturation versus strict improvement by every new release.

▶ Measure-valued optimum and convergence T ∗
n ↓ T ∗

M.

▶ Three-release problem reduced to one scalar minimization.

▶ Birth of the third release: linear size, quadratic gain, cubic residual gap.

▶ Small-nonlinearity continuation of nondegenerate two- and three-release regimes.
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Main message

Acting too fast can be costly.

Waiting too long can also be costly.

The real decision is not merely how to split a fixed shock. It is how to choose a
feasible implementation schedule under a mobilization constraint.
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