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Below:

X = (X,]|-|]) is a normed linear space over R,

B(z,r) ={y € X | |y — || < r} is the open ball of radius r with
center at x;

B(z,r) ={y € X | |ly — z|| <r} is the closed ball;

S(z,r)={y € X | |ly — z|| =r} is the sphere.

For brevity, B := B(0,1) is the unit ball, B := B(0,1) is the open
unit ball, S = S(0,1) is the unit sphere; S* is the dual unit sphere.

The distance from a point x € X to a nonempty set M C X is defined
by p(z, M) := inf epr [ly — z||. The set of nearest points for a point x € X
from a set M is defined by

Pyz:={yeM|plz,M)=|y—z|}.

A set M is an existence set (a proximinal set) if Py;x # & for each z € X.



1 Radial continuity

Definition 1.1. The metric projection Py, is called IRL-continuous (in-
ner radially lower continuous) at a point zg if, for each yy € Pyzo and
each open W such that W N Pyzg # @, there exists a neighborhood U
of xy such that Pyx NW # @& for each x € U N{yo + AM(zo — 40) | 0 <
A< 1}

We note the following properties equivalent to the IRL-continuity of
the operator Py, at a point z.

Lemma 1.A. Let M C X, g € X, Pyxy # . Then the following
properties are equivalent:

1) the operator Py is IRL-continuous at xo;

2) for all vg,v1 € Pyrxg and each € > 0, there exists 6 > 0 such that
Pyx N B(vy,e) # @ for all v € {vg+ Axg —vp) | 1 =9 < A< 1};

3) for each vg,v1 € Pyxo and each sequence (x,) C {vg+ A xg — 1) |
0 < A< 1}, @, — w0, there exists a point v,, € Pyyx, such that v, — vy.

Theorem 1.A (Brosowski and Deutsch). If, for some x, the set of
nearest points Pyyx 1s convex, then the metric projection is IRL-continuous
at x.



A segment in a normed linear space X is defined as follows:

[z.y] :=={2 € X | min{ep(2), p(y)} < ¢(2) < max{(z), o(y)}
Yo € ext S*}

={z]¢(2) € [p(2), p(y)] Vo € ext S},

where ext S* is the set of extreme points of the dual unit sphere S* of X*.
The relative interior of a segment [z, y] is defined as follows:

[z, y]° :={z € [z,y] | v(2) € (¢(x), 0(y)) Yo € ext S : p(z) # w(y)(}i-)

Definition 1.2. A curve k(t) is monotone if f(k(t)) is a monotone
function of f for each extreme functional ¢ of the dual unit sphere S5*.

Definition 1.3. A set M C X is called strictly monotone path-connected
if any two points z,y from M can be joined by a monotone curve k() C
M which lies (except for the points z and y) in [z, y]° (see (1)).



Definition 1.4. A set M C X is a sun if each point z € X \ M is
a solar point for M (i.e., z has at least one luminosity point in M). A set
M C X is a strict sun if each point x € X \ M is a strict solar point
for M (i.e., if the set of nearest point Py« is nonempty and each nearest
point for z is a luminosity point). A set M C X is a strict protosun if
each point x € X \ M is a strict protosolar point for M (i.e., if each
nearest point from M for x is a luminosity point). Strict protosuns are
precisely the sets satisfying the generalized Kolmogorov criterion for best
approximants.

Theorem 1.B. A monotone path-connected Chebyshev set is a sun.

Theorem 1.C. Fach strictly monotone path-connected set is a strict
protosun, i.e., if M s strictly monotone path-connected set, then, for all
reout M :={z]|p(z, M) >0} and y € Py(x), y is a luminosity point
in M for x.

The next theorem extends Theorem 1.A to sets with not necessarily
convex-valued metric projection.

Theorem 1.1. If, for some x, the set of nearest points Py;x is strictly
monotone path-connected, then the metric projection is IRL-continuous
at x.



Definition 1.5. Let M C X and zy € X. The metric projection Py, is
called ORU-continuous (outer radially upper continuous) at a point xg
if, for each yg € Pyrz¢ and each open W DO Py xq, there exists a neighbor-
hood U of zg such that Pyx C W for each x € U N {yo + Az — o) |
A>1}

Lemma 1.B. Let M C X, xg € X, Pyxg # &. Consider the following
properties:

1) the metric projection operator Py is ORU-continuous at xg;

2) for each vy € Pyrxg and € > 0, there exists § > 0 such that

sup p(v, Ppyxg) < €

vEPN T

for each x € {vg+ Mxg—vg) | 1 < A< 146}
3) for each point vy € Pyrxg and each sequence (x,,) C {vo+A(xo—10) |
A > 1}, 2, — o,
sup p(v, Pyxg) — 0;
vEP)Tn
4) for each point vy € Pyxg, each sequence (x,) C {vo + A(xg — vp) |
A > 1}, x, — xo, and each sequence (v,), v, € Py,

p(Un, Pyrzg) — 0;



5) for each point vy € Pyrxo, each sequence (x,) C {vo + A(zo — vo) |
A =1}, x, — xg, and each sequence (v,), v, € Pyx, and v, — v,

v € Pyxg.

Then 2)<3)<4)=5). If Pyyxg is compact, then 4) =1) and the first
four conditions are equivalent. If M is compact, then 5)=-1) and the first
five conditions are equivalent.



Theorem 1.D (Brosowski and Deutsch). Let M be a strict protosun with
compact-valued metric projection Pyy. Then Py is ORU continuous.

Theorem 1.2. Let M be a prorziminal proz-strictly monotone path-con-
nected set and the metric projection onto M has nonempty compact

values. Then M is a strict sun with IRL- and ORU-continuous metric
projection.



2 Exponential sums

J. Rice and G. Meinardus seem to have been the first to study approxima-
tion by exponential sums. Their studied were continued, among others,
by D. Braess, H. Werner, E. Schmidt, D. W. Kammler, Ch. Dunham,
V.I. Berdyshev, R. Schaback, G. Niirnberger, I. G. Tsar’kov, A. R. Alimov,
ete. (see, e.g., [1]).

Consider the following classical classes of one-dimensional exponential
sums (here, z € R):

Ef .= {Zajetj‘” a; =0, t; € R}, (2)
j=1

EY: = {Zajetjm aj,t; € R}, (3)
j=1

E,:=E% (the set of extended exponential sums). (4)

Remark 2.1. The set of exponential sums E° is a strict protosun of
uniqueness in Cla, b], the set exponential sums E! with nonnegative
coefficients is a Chebyshev sun in Cfa,b], the set E,, is proximinal but
(for n > 2) is not a uniqueness set, and the metric projection onto £,
n > 2, may have local minima which are not global (see, e.g., [1]).



Theorem 2.1. The metric projection onto the sets E;" and E° of uni-
variate exponential sums (see (2) and (3)) is both ORU- and IRL-cont-
INUOUS.

Definition 2.1. Let © be a compact convex body in R?. A sequence
of functions (f,,) from C(Q2) converges uniformly inside 2 to a function
f € C(Q) if (f,) converges uniformly to f on the set Q% := {x € Q |
p(x,bd2) > d} for each 6 > 0. This convergence is a particular case of
the sequential Deutsch A-convergence.

Remark 2.2. The set £ and the set E,, (of one-dimensional extended
exponential sums; see (2) and (4) above) are boundedly compact relative
to the uniform convergence inside (a, b). As a result, the metric projection
onto the set E,, n > 2, of extended exponential sums (see (4)) cannot
be both IRL- and ORU-continuous or even both IRL- and D-ORU-con-
tinuous, where D is the uniform convergence inside (a,b).
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We consider the following sets of multivariate exponential sums:

EI L= { Z aje()‘j’x) X, AJ - Rd7 CLj 2 0}7 <5)
1<j<n

E,: = { > P I x X R ) (1+degp;(x)) < ”}’ (6)
1<j<n j=1

where p;(x) is a real polynomial, x € R?%. Here, the multiplied of e®*)
by vectors a; and p;(x) is defined coordinatewise.

Remark 2.3. The sets E,,, Ef and E;, := —E. are boundedly Deutsch
compact relative to the inner uniform convergence on §2 (see [1]). The
set E is a monotone path-connected strict sun in C'(Q). Note that in
general E for d > 2 is not a uniqueness set in C'(2).

We also consider the following class of exponential sums:
E={ae®|XeR? aecR}, xcQ, (7)

where ) is a compact convex body in RY, 0 is an interior point of Q.
It is known that

E is a monotone path-connected strict sun in C(2). (8)
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We have the following result on radial continuity of the metric projec-
tion onto some classes of multivariate exponential sums. (Note that in
general the metric projection here is discontinuous.)

Theorem 2.2. Let  be a compact convex body in R, 0 € intQ), and
D be the uniform convergence inside S2. Then the metric projection onto

the sets Ef, E, E of multivariate exponential sums (see (2) and (7)) is
D-ORU-continuous.
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3 Generalized rational functions

Classical and generalized rational functions constitute a very important
object of approximation theory, which evokes great theoretical and prac-
tical interest, especially in numerical mathematics. It is well known that
the metric projection onto the set of classical rational functions

'%n,m = {r = p/q € C[avb]}v (9)

where p and ¢ are algebraic polynomials of degree < n and < m, respecti-
vely, has points of discontinuity (of course, for m > 1). In this section, we
apply the above results to some classes of generalized rational functions
(including Z,,.,) and obtain some results on radial continuity of the
metric projection operator to various classes of generalized rational func-
tions. (Note that the metric projection onto rational functions is in
general discontinuous.)

Let @@ be a metrizable compact set. Consider the class of generalized
rational functions

Ry = {r=v/w | veV, weW},

where VW C C(Q) are convex sets, W consists of positive functions. It
is known that %}, is a strict protosun in C'(Q).

We also consider the following generalization of the above class Z};;.
Let VW C C(Q), and let U C V x W be a nonempty convex set. We
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set

Ky ={reC@Q|rv=v, w#0, (v,w)eU}. (10)

Theorem 3.A. The set of generalized rational functions Zy (see (10))
is a monotone path-connected strict protosun in C(Q).

Definition 3.1. Let @ be a Hausdorff compact set and let U C (V x W),
where V. W C C(Q). The set

Ky ={reC@Q)|rvw=v, w#0, (v,w)eU}

is said to be algebraically complete if the conditions: (a) there exists
a sequence (vx, wy) — (v, w), in the space C(Q) x C(Q), where (vg, wy) €
U, w # 0, and (b) there exists a function r € C(Q) such that r(t) =
v(t)/w(t) for all t € @\ Z(w), where Z(w) is the set of zeros of the
function w, are equivalent to the condition (v, w) € U.

In Theorem 3.B and below, A is the pointwise (Deutsch) convergence

in C(Q) on a dense subset of the compact set @, viz., z, A 2 if there
exists a dense set Qg C Q, Qy = @, such that z,(t) — x(t) for each
t € Qo (D = A); note that here @)y depends on (x,,).

Theorem 3.B. Let Zy be algebraically complete and, for each monzero
function from W, the complement of its set of zeros in Q) is dense in Q.
Then Xy is boundedly A-compact in C(Q) and, as a corollary, is proxi-
minal in C(Q).
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Corllary 3.A. Let D be a compact domain in R*, VW C C(D) be
nonempty boundedly compact sets composed of real-analytic functions,
and let U C'V x W be a nonempty set. Assume that Xy is algebraically
complete. Then Xy is boundedly A-compact in C(Q) and, as a corollary,
is proziminal in C(Q).

We have the following result on radial continuity of the metric projection
onto the class Zy of generalized rational fractions.

Theorem 3.1. If Zy (see (10)) satisfies the conditions of Theorem 3.B
or Corollary 3.A, then the metric projection onto Zy is A-ORU-contin-
UoOUS.

Corollary 3.1. The metric projection onto the set Xpnm (see (9) of
classical rational functions in Cla,b] is ORL-, IRL-, and ORU-continuous.

Remark 3.1. It is well known that %, ,, is a Chebyshev sun in Cfa, b].
However, Zy may fail to be an existence set or may have nonsingleton
values of the metric projection operator.
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4 Deutsch convergence

Definition 4.1. Let X be a normed linear space. By a Deutsch conver-
gence (or a D-convergence) s B 2 of nets (sequences) in X we mean
a convergence D with the following properties:

(i) D is norm dominated, i.e., x; 2 2 implies that ||| < limsup ||zsl;

(i) D is translation invariant, i.e., x; By implies that x5+y Y T4y
for each y € X;

(iii) D is homogeneous, i.e., x5 B implies that aws B az for each
number .

The above convergence is sequential if in Definition 4.1 we consider
sequences rather than nets. It is clear that a Deutsch convergence is also
a sequential Deutsch convergence, but not vice versa. Let us give some
examples of Deutsch convergences.

Example 4.1. a) Convergence in norm:: x5 — x if ||z; — x| — 0 (here
D =n).

b) Weak convergence xs — x if x*(x;) — x*(x) for each z* € X*
(D =w).

c) x-weak convergence in X =Y™*: yf N y* if y5(y) — y*(y) for each
yeY (D=uw").

16



d) Pointwise convergence in C(Q) on a dense subset of the compact

set QQ: x5 A 4 if there exists a dense set Qo C Q, Qo = Q, such that
zs(t) — x(t) for each t € Qy (D = A); note that here @)y depends on
(@s).

e) Pointwise convergence in Cla,b] at all except possibly finitely many
points: x5~ x if there exists a set Ty C [a, b] such that [a, ] \ T} is finite
and z5(t) — z(t) for each t € Ty,

f) In LP(p), the convergence of sequences almost everywhere: x,, =5
if u({t | x,(t) 4 z(t)}) = 0 (D = ae). This is a sequential Deutsch
convergence, but not a convergence for nets.

g) Almost weak convergence: x,, =5 x if there exists a w*-dense subset A
of the set of extreme points of the unit sphere S* of the dual space such
that x*(x5) — 2*(x) for each z* € A (D = aw). In C(Q), aw-convergence
coincides with the A-convergence defined in d).

h) Let X is a o-algebra on €, 1 be a o-finite measure on . We say
that a sequence of functions (z,) (where z,, :  — R) aes-converges! to
a function = : Q — R if, for any set A € X, u(A) < oo, there exists
a subsequence of numbers (ny) such that (z,,) converges to x almost
everywhere on A.

We now define D-open, D-closed, and D-compact sets.

IThe “aes” stands for “almost everywhere convergence of sequence”.
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Definition 4.2. Let D be a Deutsch convergence (a Deutsch sequential
convergence). A subset M of a space X is called D-closed if M contains
the limit of each of its D-convergent nets (sequences). A set M is D-open
if X'\ M is D-closed.

A set M is (countably) D-compact if each sequence from M contains
a subsequence which D-converges to a point from M.

Definition 4.3. Let D be a Deutsch convergence on X, @ # M C X and
zo € X. The metric projection Py, is called D-ORU-continuous (outer
radially upper Deutsch continuous) at a point zg if, for each yo € Pyzo
and each D-open W D Pz, there exists a neighborhood U of x4 such
that Pyax C W for each o € U N {yo + A(zo — %) | A = 1}.
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