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HPEAUCIIOBHE

MerTon HAWMEHBIUMX KBAAPATOB — OCHOBOTIONATAIOMINI
VICMCHT BCEW TIpMKAagHOW MarteMatukd. OH aAKTHBHO WC-
noab3yerca npu o6paborke HabaOOeHMH, NOCTPOEHNH W aHa-
nu3e husnuecknx, GHONIOTHYECKMX W COLMATLHBIX MOEEl, B
AIrOpuTMax pacnosHasaHus obpazos, ontumuzaumu., XoTs
Jromy Metopy (ocofeHHO ero CBOMCTBAM B 3aJavyax MaTte-
MATHYCCKOH CTATUCTHKH, aAFOPHTMAM BRIYHC/IEHHS MO HEMY)
yaeneHo GosibIIoe BHUMAHHE B HAYYHOM JUTEpaType, HEeab3s
CMMTATH, YTO OH MCYEpNBIBAlOUIE H3yyeH. B yactHocTH, Mano
HCCIEAOBAHO BAMSHHE HA NOAYYAEMBIC PEIIEHUS BECOBHIX
KOPPUUHEATOB NPH KBAAPATAX OTKJAOHEHHMH.

B HaswaveHuW BecoBmiX KoaddHuMEHTOB, HCTIOJIB3Y EMBIX
RO MHOTHX 3a0ayax B KAYECTBE XapaKTEPHCTHK TOYHOCTH MM
WHOPMATHBHOCTH MCXOOHBIX AAHHBIX, YacTO ecTh BmIOOP.
[looromMy nonesHo 3HaTh, K YEeMy MOXET NMPHBOAMTH BApPb-
HPOBAHME YNCIEHHBIMH 3HAUCHHAMH BECOBHIX Koadhdmum-
CHTOB, HACKOJIBKO WHMPOKO MOIYT H3MCHSTHLCA PELICHHY B
PE3YALTATE TAKOMO BAPBHPOBAHMS.

He menee npouyno B O0MXON COBPEMEHHON MAaTEMATHKH
BOLLTM W JPYTHE, aNbTEPHATHUBHBIC METOAY HAMMEHbIIMX
KBagapaTor, nmoaxoas. K HMM OTHOCATCH METOABI MHHHMH-
JAUMH CYMMBI MOQYJAEH, MAKCHMaJbHOro OTKJIOHeHMs. Yacrto
nenoabayores ofobweHns 1 MOTHDHKALMHK STHX NOAXOAOB B
BHAE 3aMay MHHMMHM3AUMH Pa3IMYHONO THNA wmWTpadHBIX
(hynkuni, sagau napero-ontummsaumu. He Tonbko Teope-
THYCCKMH HHTEPEC NPEACTaBASeT H3IYUYCHHE B3aMMOCBAICH
PCLICHHH, MOAYYAEMBIX C MCMOJb30OBAHHEM pa3TMYHHX MOA-
X008, CTPYKTYPH MHOXECTB TAKMX PEIIEHMIA. ITOMY MOCES-
HICHA OCHOBHAN 4acTh MAaHHOH KHWTH,

Mepswi# pasngesn wMeeT BBOOHHII XapakTep.
Jnecs paccMaTPHBAIOTCH HEKOTOpbie 00JACTH NPHAOXKEHHS
METONA HAWMEHBIIMX KBAOPATOB M KOHKYDHPYIOWIMX C HHM
NOCTAHOBOK.

Ocofoe BHHMAHWE yAEISETCS 3amauaM annpOKCHMALHM,
ocobenHo uHEHHONH anmpokcuMauum — Bebopy Koadhdu-
UMCHTOB YPDaBHEHWA JMHEHHOH pErpeccMM Ha OCHOBE HMeE-
IOIMXCH IKCMEPUMEHTANIBHHIX NaHHEX. Ha npumepe aroi




KAACCMNECKON 3anaum wamocTpupylorcs ocobeHHOCTH pas-
JHUYHBE X I'IDCTEHCIBUK, R3AMMOCBA3IN noayyacmmx pﬂl‘.l.IEHHﬁ,
AAIOTCS CC FCOMETPHYECKHME HHTEPNPETaLMH,

Paccmatpusarworcs nra KJacca GanaHCcOBBIX 3KOHOMHuEC-
Kux moaened. Cravana — wmogenu c HECOBMECTHBIMH  OF-
PAHHYEHHAMH, NPpH NMOAYYEHHH NCeBADPEIUEHHH KOTOpHX MC-
MOAB3YIOTCA Pa3HOro poma mpoueaypw MHHAMH3AUHK OTKAO-
HCHUH B BHINOJHCHMM GanaHCOBmIX ychosui. 3arem — mo-
JCAH, UMEKIIHE MHOM JONYCTHMBIX peLICHMIT, cpcomn kKoTo-
Puix Tpebyerca BGpaTh MaKcHMANbHO npubanxkennoe x 3a-
AaHHOMY Heaomyctumomy. XoTs Takue 3azaus OTAMYAIOTCSH
OT PACCMOTPCHHBIX paHee, MEXay HUMM CYIWICCTBYCT TeCHAS
CBS3b. B camom npocrom cayuae, xoraa HCMOAL3YIOTCH TOABKO
NHHEHHBIE OTPAHMYCHNS B thopme pasencts, mce atm 3agaum
cBoaaTca Kk oluweit recoMeTpuueckoi npobacme — MoucKy
HAUMCHEE YAANCHHOM OT Havana KOOPAMHAT TOYKH JIHHEHHO-
ro MHoroofpaaus.

Meton maummenbmmnx KBAAPATOB 4acTo npeacrasasercs
TOJBKO KaK aNropuT™ peliesns sagay MATCMATHYECKON cTa-
THCTHEH. B namuoit kuure ne MPUBOAATCA PE3YALTATH NO
BCPOATHOCTHOMY 060CHOBAHMIO MeTORa HANMCHBIIMX KBaapa-
ToB. O6Ccyxnaercs Toabko "HHTYHTHBHOE" 06oCHOBaHMC ITO-
MO METOAA KAK OOHON M3 BOIMOMHBIX ¢opmyauposok 3anay
MUHHMH3AUUN wTpadubix dynkumil ot OTKJOHCHMH,

310 ofycaoraeHo AByMS ofcTosteancTamu. Bo-nepsbix,
MHOro pabor mocesuweno BCPOSTHOCTHOMY 0BOCHOBAHMIO Me-
TOAd HAMMCHBIIKX KBAAPATOB (CM., Hanpumep, [1—3, §, |1,
12, 29)). Bo-eTophix, B0 MHOMMX NPHKAAIHBIX 3a8aYax, npu
PCUICHHH KOTOPHIX MCMOAB3YETCH MeTon HAMMCHBIIMX KBaa-
paTOB, HAMMCHBIIKX MOAYAEH OTKAOHEHMIH WnwM apyrue poa-
CTBCHHBIC NOCTAHOBKM, MACTO MOXHO, W naxe caeayer, o6-
XONHTBCS 63 BEPOATHOCTHONO OBOCHOBAHMS. Hanpumep, ono
HCYMCCTHO B 6anaHCOBBIX MOAENSX M3-3a TOro, 4TO X ypas-
HEHHA HMCIOT Da3HUHYIO usnueckyio PasMepHOCTh,

[Tpumennrensuo k npobaeMe BuACACHUS COCTABAIOMWMX
BPEMCHHBIX PSAOR paccMaTpuBaeTcs OAHO M3 HanpaeJCHMI
PAa3BHUTHA “WHTYMTHBHOMO" 0BOCHOBAHMS METOAA — akcuHo-
MAaTHYCCKHA noaxoa. OH cOCTOMT B TOM, UTO anpHOpH BRO-
AMTCH  LWIHPOKOC MHOXKECTBO BOZMOMKHBIX npoueayp noay-
MCHHA Tpebyemmix peayabraTos ns HCXONHBIX DaHHbX, Dop-
MYJHDYIOTCS TpeGoBaHHS K 3Tim npoueaypam wucxoas wa
CYWECTBA pewaemMon npobaemss. B pesynbTaTe amaausa Tpe-
Gosauuit  onpeneasiores METOABI, YAOBACTBOPSIOWIME MM
BceM. TakoswiM okasancs merton HauMeHbwKX kBagpatos. He
TO/ILKO BHIYHCAMTEBHBIE YI06CTRA, HO M 0co6CHHOCTH cammux
opmyn pacuera no AQHHOMY METONY MOTYT CAYXHTh 7S ero
obocHoBanuy, Ecrecrsenno, AKCHOMATHUECKMIA noaxoa mo-



MCT TIPHBOAMTE W K JDYTMM Pe3yabTATAM B 3ABHCHMMOCTH OT
Hernoab3yemoro Habopa TpeGoBanmit,

BTOpO#H paanen NOCBALEH MANOXKEHHIO YCTAHOB-
ICHHBIX aBTOPOM (DAKTOB O CBOMCTBAX M B3AMMOCBS3AX pe-
WIeHMH Mpo0IEMBl MOMCKA HAMMCHEE YAAJACHHOH OT HAayana
KOOPAHHAT TOYKH JIMHEHHONO MHOrooGpasus. K oroit npobne-
MC CBOOSTCA 3a1auM NpPeabiayuniero pasacia npy HX camoit
ynpouweHHo! dopmynuposke. [Npusoasites Tpu cnocoba thop-
MATH3AUMK NPO6JCMbl — NPEACTABACHHE €¢ B BWAC 3a4au:
MAKCHMH3auuK Habopa HYJEBBIX KOMIOHEHT, napeTo-MHHH-
MU3AUNKN aDCOMIOTHBIX 3HAYCHUI KOMIOHEHT WCKOMOTO BEK-
ropa, MMHHUMH3auMH wrpadusix dyukumii. laercs onpene-
ICHHE KJacca BOIMOXHBIX wrpadubix dyvukumii. B arom
KJacce ocofo BHIIEACHBI FeIbICPOBCKHE HOPMBI. Caenyer or-
METHTDB, UTO MHOXECTBO Te/IbACPOBCKMX HOPM 3aech dop-
MHPYETCS 3a CYET HE TOJIBKO M3MCHCHHH 3HAUYCHHMSA CTENEHHO-
10 kKoadrpuunenTa, HO M BO3MOXKHOCTEH BAPLHPOBAHHA 3HA-
HCHHH BECOBBIX KOXPDUUHEHTOB NPH OTAECALHBIX KOMMOHEH-
X BCKTOpa aprymenTta. YacTHeiM ciyuaem reJbICPOBCKHU X
HOpM  ABIFIOTCS EBK/JIMIOBBL HOPMbI (CO CTENCHHBIM K0ddg-
(pMUHEHTOM, paBHBIM 2), NPEACABHBIM CAYYAEM — OpPTO-
JApuueckne (co creneHHbIM  KodbduunenToM, pasHbiM 1).
Mcnonb3osanne TakMx HOPM O3HAUYAET, YTO MCXOAHAS NpPOG-
AICMa PELIACTCH METOJOM HAMMCHBIIMX KBaAPATOR M MyTeM
MHHHMH3AUHKW CYMMbI MOAVJICH OTKJOHCHHMI.

Hacto ucnonb3ylorcs 0oaee CAOKHBIE, HEC CBOAMMBIE K
YKA3AHHOH FCOMETPUYECKOH npobieMe MOCTAHOBKM — C Or-
PAHHUCHHUAMM-HCPABCHCTBAMM, HEIHMHEHHBIMH 3ABHCHMOCTSI-
Mi. M3yucHue CBOWMCTB HAMMEHECE YAANCHHBIX OT HAYAAA
KOOPAMHAT TOYEK JMHCHHOrO MHOroo0pasusi MoXer pac-
CMATPHBATHCHA B KAUYCCTBE OCHOBH H HEOﬁKDﬂHMDI"ﬂ arana a4
AHATH3A TakMX D0s1ee CAOXKHBIX NOCTAHOBOK.

B rperbem pasneune npusoaures knace an-
FOPUTMOB PCIICHMS 334 ONTHMH3AUNK, HTCPATHBHBII Nepe-
XO01 B KOTOPBIX OCHOBBIBACTCH HA OMPEACACHHM METOIOM
HAUMCHBIINX KBAAPATOB HAUMEHEE YAANCHHONH OT Havuana
KOOPAMHAT TOUKHM JAMHCIHHOrO MHOroobpasus.

MeTon HaMMEHBIIKMX KBANPATOB NPUMEHACTCH BO MHOFMX
BHIYHCAMTCABHBIX anroputmax. Muorna on coueraerca c apy-
FuMH npueMamu. Hanpumep, B uTepatusHBIX anroputMax B
KAYECTBC OAHOH M3 COCTABAAIOWIMX UEACBON (DYHKUMKM pela-
CMOM HAa KaXkI0# MTCPALMH BCIOMOTATE/bHON 3341444 MOMCKA
HANPDABJACHUA YJAYUIICHUS PCLWICHHA HEPEOKO BBOAMTCH MH-
HHMH3AUMS CyMMBbl KBAIPATOB KOMNOHCHT MCKOMOTO BEKTOPA
(Pa3/MUHBIC BAPHAHTHI METOIOB NPHBCACHHONO IPAANCHTA (4,
51, meton muueapusaumn IMwenuunoro [6]). Dror npuem
MOAC3CH B KAYCCTBE CPCACTBA MOBBIICHHS YCTOHUHBOCTH
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BLYHCIWTCABHOMD npouecca, ang PCLICHHA JIOXO li'l‘ﬁ}'l..."luﬂ-
NCHHHX 33434 (meToa peryasapusaunn Tuxowona |7 )).

Mm.ﬂ. HAWMCHBLIMX KBAAPATOR MOXCT HUNOABIOMATHEN M
KdK OAMH M3 JTANOB BLIMWCJACHMH, HANpMMCp aaw Kop-
PCKTHPOBKH TEKYWEro peweHns B obnacTs A0NyCTuMeix pe-
WECHWA MAM B e¢ annpokcumaumio. LlUupoko npumenscercs
TAKXKE KOPPCKTHPOBKA B 00AACTh AONYCTHMBIX PCIICHMWIT Me-
TOZIOM HAMMEHBIIHX KBANPATOR BROPAHHKX HANpPABACHMI
YAYHIEHHUS pelieHui (METOAR Npockumu rpaamenta (4, 5.

OcoGenHocTh paccMaTPHBACMBIX AATOPHTMOR COCTONT §
TOM, YTO B HHX HTCPATHRHO H3IMCHHKOTCY BCCORME KD.‘.‘H’JJ'
(PMUMCHTH NPH KBAAPATAX KOMIOHCHT MCKOMOIO BEKTOpPA
HANPABACHHA YIYMWICHHS PCLUICHHA, 4YTO nodsonset xpdek-
THBHO YUYHMTHIBATh OTPAHHYCHHA-HEPABEHCTBA. Bmecre ¢ Tem
ITO 3ATPYAHSCT UCMOIB30BAHNUE KAACCHYECKMX NPHEMOR (TH-
na teopemsl [Tndaropa wam HepaseHcTRA TPEYroALHUKaA) aag
anaamsa cxoammocti. [Ipn ofocHosawwm cxoawmocTh Takmx
AJMOPHTMOR H ONTHMAIBHOCTH NPEACARHKMX TOHMCK BRAXHOC L.
JHANCHUE WMMCCT 0KA3WBACMAN BO BTOPOM pasaeac orpa- |
HHYCHHOCTh MHOXKCCTBA CBKIMIOBBIX MPOCKUMIA TOMKH Ha F
AuHeiHoe Muoroobpasne.

B kaxaom naparpade naHHOH KHHrH Hymepaums dopmya 3
oraenbHas. [Tpu ccwinke na GopMyan w3 apyroro naparpaga
TOH JKC FNABBI MCNONB3YETCS ABOHHAS HYMEPAUMS — BRACPERM -
CTABMTCH NOpankoswu Homep naparpada. Ilpn cecwakax wa -
hopmynsl W3 ApYroi TABHM MCNOAB3YETCHS TPOWHASN HYyMe- =
pauus — HOMmep raaswi, naparpacda, dopMyin.

JLns NOKA3WBACMBIX MATEMATHUECKMX YTREPXIACHMI (Teo-
PEMBI, JIEMMBEI) W PHCYHKOB TIDHMCHSACTCH JBOHHAH HyMe-
pauus — BNCPCOH CTARMTCH HOMCP IIABM,

Astop Bmipaxact npusHareasHocts E.I'. Anumndeposy,
B.I1. Byaarosy, O.B. Bacuabesy, A.3. lammy, E.U. INonosy,
0.B. Xamucosy 3a noaesHoe ofcyxaeHue uaei u npobaem,
NPEACTABJCHHBIX B JAHHOW KHHIC, BHICKA3AHHLIC 3AMEUAHMS
no pykomwcu, C.JI. Canosy, C.JI. Maccynory, JI.U. Yepnur-
kosoii, B.B. Ulerenesy, I''H. Hyrymawnosoil, ocywecrsasin-
UMM PCATHM3AUMIO PACCMATPHRBACMBIX 30CCh MOJCaCH W an-
roputmos, M.C. Heuaesoit 1 H.M. Aiaenbepr, nponenasmmnm
Goabwyio paGory mo noarorosxke pyxkonucu u J.B. ®uannno-
BO#, OCYLWECTBMBILCH NOANOTOBKY KHUIM 19 NEUATH.
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HCTIONB3YEMBIE OGO3HAYMEHHUA

B, B, — mHoxecTsa n-mepHbix BCKTOPOB-cTONGLOB M BeK-
TOPOB-CTPOK € BCUIECTBCHHBIMM KOMIOHCHTAMM



n

B, E} — noamuoxectsa n-mepHmx BCKTOPOB-CTOAGLOB €O

BCCMH HCOTPHUATCABHHEMMH W NONOXEMTENBHBIMH  KOMMO-
HCHTAMH

L]
(X, y) = X"y = 2 X, ¥ — CKaaspHOe NpOM3BEACHHE BEKTO-
-
pos X, y € E"
X®Y -~ [NOKOMNOHCHTHOC NPOM3BEACHHC BCKTOPOB
X, y € B, annsiomeccs sexropom B 5 ¢ komnoHenTamu
ijJ'l J=1Ln
e’ — j-it opr B mpoctpancree Fi”, HEKTOP € KOMNOHCHTAMM
e =0,1nje=1
0 — Hyacsoil m:xfmp, Y KOTOpOTO BCC KOMMOHCHTH PABHEI
HYJII0, HAYANIO KOOPAMHAT B NPOCTPaHCTRe 1)

CHTyaunn cTpororo u npocToro BKIIOUCHHS OAHONO MHO-
XECTBA B J]}}"FDL‘ PaAzTHYaOTCH HCMONB30ORAHMCM CHMBOIOR
C ( BK1OUEHO M He conanaet), C© ( BKAOUCHO W BOIMOXKHO
COBMazacHue).

Oas mektopoB X,y € E' swipaxenus x > Y, X. > ¥,
X >= y 0603HAYAIOT CACAYIOINE CHTYALLIK: X > ¥ Ans BCex

j=lLnx 2y ans Beex J=lnix 2y nana Becex
2 J /| gl i
=T n Hi{}ijmaﬁumnmnﬂm;.

Ilas moBoro sektopa y € B Gyacm o6osuauars:
() = {jty, =0, J(W={ji:y>0)
I =3,(=y), Iy =I.(» Uiy

— MHOXCCTBA HOMCPOB €r0 KOMMOHCHT C HYJCRRIMH, MO0
AHTCIAbHBIMM, OTPHUATEIBHBIMMW M HEHYNCRBMMH IHAUCHIAMH,
Habop womepos J(y) masmBaercs nocumenen BCKTOPA Y.

J(B) = U J(b) ana moboro muoxecTsa sektopos B C [
hEH

| — eamumunas marpuua

diag X — npu x € E" anarowanbuas matpuua n X n ¢ xo-
abpuumenTamu X HA IMaroHanu

A" — Tpaucnowuposannas MaTpuua A

A™' — ofipathas K KBaAPaTHOR HEOCOBCHHOIN MaTpHie A

rank A — panr MaTpuusl A, MAKCHMAIBHOE YN0 eo JHHE#-
HO HE3ABHCHUMBIX CTOAGLOB M CTPOK

Vf(X) — BEKTOp 4acTHHIX MPON3BOTHHX thyukumn [, apry-
MEHTOM KOTOpOIi SBAseTca BekTop X € 1)



V, f(X) — j-51 KOMNOHCHTA rpanuenHTa
arg min f(x) — onHa M3 ToOueK MHHMMyMa (yHKuMM f Ha
xEQ

muoxectee Q C B

Arg min f(x) — MHOXECTBO BCEX TOMCK MHHMMYMa yHKumit
xE0)

fnaQ

cl Q — sambikanue mHOXecTea Q C [E", munumansnoe 3am-
KHYTOE MHOXECTBO, conepxauee Q

co Q — Bmnykaas o00M0YKA MHOXECTBA, MUHHMANBHOC Bhi-
MyKA0e MHOXCCTBO, coaepxamee Q C "

ml

EDQ " [}I N Ell'ql: qf EQI"‘AJ = ]"

=]
i=Tn+T, 34 =1}

Aff Q — muHMManbHOE AMHECHHOE MHOrooOpaswue, comepxa-
mee Q:

AffQ=[y=310:9€Q,i=Tn 34 =1}
i=]
Lsp Q — mnoanpocrpancrso B [E", napanaeasnoe muoroo6-
pasuio Aff Q:

LspQ = [y = $4(4,-4): 0, €Q, (=07, 4 € B}

dim Z — paamepuocts noanpocrpaucrea Z C B, makcu-
MAJTBHOC YHCI0 Cro JHHCHHO HEIABHCHMBIX BCKTOPOB.
iQ={(qEQ:Vz€ElspQ3a>0VAE [0,a]q+1zE
€ Q) — NOAMHOXCCTBO OTHOCHTEABHO BHYTPCHHHX TOYCK
MHOXKeCTBA Q, T.€. BHYTPEHHMX OTHOCHTE/JBHO MHOPooG-
pasusa Aff Q

psr Q = {q € Q:J(q) = J(Q)} — NOAMHOXKECTBO BEKTOPOB
13 Q ¢ MAKCHMANBLHBIM HOCHTEIEM

B(Q) ={y€Q:]1 3q€Q,J(q) CJy)} — noamuoxecr-
RO OMOPHKWX RCEKTOpPOR {ECKT‘JWE C MHHUMATBHBIM HO-
cutenem) muoxecrsa Q C B

a+B={a+ b:b€ B} — casur na sektop a € [E" muo-
xecTea pexkTopos B-C B

A+B=[(a+b:a€ A bE B} — MHOKCCTRO HCKTOpPOR,
uﬁpaaycuﬂc CYMMHPOBAHHMCM BCCX MAp BCEKTOPOR W3 MHO-
xeccte ACE'"wuBCE




pr(x) = ( 3 h(|x|Y)" — reasacposckas Hopma BCKTOpOB
npocrpanctea L', rae p > 1 —

crencHuon koaddu-
unent, h € [ — sekTop BCCOBHIX KOXDPHUMCHTOR,

HACTHBIM CAVHACM TCABACPORCKOH HOPMBI HBASCTCH NPH
p = 2 CBKANAOBA HOPMA
p‘l‘(r.) = ¥ h‘_|x‘l| — OPTOIAPHUCCKAR HOPMA, KOTOPas HE BXO-
AWT B KJACC TE/bACPOBCKHX HOPM, HO HBASCTCH MX npe-
aeabHbiM npu p = 1 cayuacm
pu(X) = max h|x | — ucGmwenckas wopma; h € [
j7=1.n
BCKTOP 3aAaHHMX BECOBMX KOXPPHUHCHTOR
Ixl = (£ xf]lq — “OOBKHOBCHHAS" CBRKJIMIOBA
OAMHAKOBBIMM,

HOpMa C
PARHBIMH  COAMHMUE, RCCOBRIMM KODDdN-
umentamu, |- || = p} npu h =1, j= T, n
SIEN & — 3HAK BCLUCCTBCHHOrO 4MCAa o
I, ecame > 0;
signa = { 0, ecma = 0;
=1, ccnma < 0
(7 — uyan “Goavwoi*. Bupaxcuue f(x) = O(x), mae f —
DYHKUMH BCLMICCTBCHHOMO APryMCHTA, O3HAMACT: NPH He-
Tn'i'cpﬁm ¢ > 0 ans moGoro BCICCTRCHHOID X TAKONo, MTO

x| < &, soinonuserca wepascncrso M|x| = |f(x)| npu
HekoTopom M > 0



Pasden |

IMMPUTOKEHHS METOJIA
HAMMEHBILHHX KBAIIPATOB
N KOHKYPUPYIOLUHUX C HUM
INMMOCTAHOBOK

FCnaaa |

ATIMPOKCHUMALLM A

3anavua smbopa dyukumu a18 npuGAMKCHHOIO ONUCAHKS
JABHCHMMOCTEH OIHMX NOKAZATCACH OT APYIHX HA OCHOBE MME-
HOLWMXC HAOOPOB JAHHBIX O 3HAYCHNAX ITHX MOKA3ATEACH —
0AHA M3 061ACTEH NPHAOKEHHS MCTOAA HAMMEHBIINX KBAJDA-
TOB.

B no6oii obaactH mccnenosawmit, cessannmix ¢ o6pabor-
KOH YHCTOROTO MATEPHANA, NTPHXOAHTCH HMETh J€10 ¢ TAKHMH
3anavamu. K HEM npuBORAT: NMOMCK B3aUMOCBS3CH Mexay
AAHHBMH  IKCTICPHMEHTOB  (GMOMOrMYCCKHX, XHMHYCCKMX,
HIHYMCCKNX, @ TAKXKC HA MATCMATHYCCKMX MOOENEX) 5 MCCae-
OOBAHMEA MO HAYUYCHHHK BJIHMAHHMA OOHHUX JIKOHOMHUYCCKMX napa-
MCTPOB Ha APYrHE; dHANM3 COUMOJOMMYECKHX AHKET; pacuer
TPACKTOPHH NJIAHET NO ACTPOHOMHYECKHM HaOAI0EHNAM; HC-
CICA0BAHMS BJAMSHHA HA VPOXAHHOCTh ATPOTEXHHUYCCKHX Me-
POTIPHATHH W MECTEOPOJIOTHYECKHX YCIOBHIt M Ap.

Meron HauMeHbIIMX KBAAPATOR MEPBOHAYANKLHO GBLT pas-
paboran u wanbonee WHPOKO H3BECTEH TENEpbs MMEHHO KAK
HHCTPYMCHT pClICHWA 3aaau annpokcumaunu. Kpome uero,.
AN ITHUX UCJACH HCNOJB3YIOTCH METOAB MHHMMM3ALMH CyM-
MBI MOAYICH OTKJOHCHHMA, MUHHMH3AUWH MAKCUMAIBHOMN OT-
KJOHCHMS (4eOblmICBCKas anmpoKCHMauMs) M IPYTHE MOCTa-
HOBKH.

1.1, 3AILAYMH JHHEAHOR ATNINPOKCHUMALLMM

Paccmarpusaerca npobacma onpeaciacHus BMAa 3aBHCH-
MOCTH OAHOrO M3 HaGIIONACMEIX NAapaMETPoOB (HA3OBEM €ro
pesyasmupyiougum) OT APYTHX HAOAIONAEMBIX NAPAMETPOB
(nx Oynem HaswBaTh haxmopamu).

Mycrs i = 1, m — nomepa dakropos, j = T, n — Home-
pa wabnonenuit. 3HaueHHEe PeayabTHPYIOMIEN0 MOKAZATENS B



j-m HabmoacHun 0B03HAUNM gj’. It snavenns obpasyior

sektop g € B

3uaucnns (-ro hakTopa B j-M IKCnepuMeHTe 0003HAUMM
g Marpuuy pasMepHOCTH 1 X m € KOMIOHCHTAMM g:
j=T.n, i =T, m, oGossaunm G u HA30BEM Mampuyed
shavenutt axmopos. Ee cronbuaMu u CTPOKAMA ABASAIOTCH
pekTopu g EE", i=T,mug €B , j=

Tpebyerca waiitn dyukumio y or Habopa 3HaueHUi noka-
satenaci-hakTopos B 0TACABHOM HaGI0ACHHK, KOTOpas Gn no
BO3MOKHOCTH HAWGONCC TOMHO BBIPAKAND 3HAUCHWC PC3yib-
THPYIOLETO NOKAZATEAN B OTOM HAGAACHMMN, T.¢. IHAUCHKC
y(g) 6bin0 Gbt GAM3KO K g Anst BCEX j = Tion:

0KHO MOCTPONTH GECKOHEUHO MHOTO (YHKUMH, TaKHX,
UTO  BEAMMMHBI w{%) pasum g ans seex j= I, n. Pac-
cmaTpuBacMas npobiema npuoBpeTeT CMBica, ccan Bebop
(DYHKUMM  OFPAHHYNTH JONOJHHTCABHBIMK YCAOBHAMM.

BanaHne KAACCA BO3MOXKHHIX (PYHKUMH SBASCTCH BAXKHBIM
MOMEHTOM B mocTaHoske npobacms. Muoraa sror kaacc no-
CTATOMHO YETKO NPElOnpenc/icH M3BECTHHIMM 3AKOHAMH W3-
MEHEHHS PACCMATPHBAEMBIX MOKAZATEACH, YTO MMECT MECTO,
Wanpumep, npu oueHke Ttpaeckropuit naawer. Yacro (wa-
APUMEP, B DKOHOMMMECKMX HCCACAOBAMMAX) TOKHC LTporne
3AKOHBI OTCYTCTBYIOT M MX NOAMCHSIOT THIOTCIRE O BOAMOX -
HOM XapakTepe cesisen nokadarcaci. He nocacamion poan n
BHIBOPE KAACCA BOIMOAKHBX (PYHKIWIH Hrpaior yaoberso wi-
TEPNPETALMN  PEIYALTATOR, BOIMOAHOCTH WX JaJbHEHIBICTO
MCMIOAB3ORAHNS MAK JAXKC YPOBCHL MATCMATHUCCKOH NOATo-
TOBKH MCCACAOBATEAN.

He Gyaem yeayGasrses B o1y Baxuyio npobnemy suibopa
kaacca annpokcumupyromnx dyukuwit. boaee Toro, snech
OFPAHMMMMCS PACCMOTPEHHEM Haubosiee NpocToro cayuas —
ANNPOKCHMALMCH JHHCHHBIMK (DYHEUHAME, ITO NOIBOANCT
COCPEAOTOMNTh RHHMMAHMC Ha APYroi, HEC MCHCC BaXHOM
npofaeMe — HA YTOUHCHHUHM NOHATHA TOUHOCTH ANTPOKCH-
MALLHH.

[TvcTh BO3MOXKHBIC ANNPOKCHMHUPYIOMHKE DYHKUMH HMCIOT
BII

L]
V) = 3 o g m

=]
e «, i = 1, m — HaGop BEWCCTBCHHHX KOIDDHLUNEHTOB,
obpasyiommx sektop o € [5". Ero Gyaem naswisare Gekmo-
pom koaghpuuenmoa anneitnoi gyukunn. Tpyn pasusix 3na-
YEHHAX BCKTOPA o OVAYT noayuatees pasusie dyskumn ¢ u
COOTBETCTHCHMO PASHBIC 3navchns seanumn (g ). Tpebyercy
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nofoGpaTh Takoii BEKTOP MAPAMETPOB ¢, NPH KOTOPOM /s
Kaxaoro j seanuuna y(g) 6ua 6o Gamska k gf.

Crenens  “6amsoctu®  xapaktepuayercs aBComOTHBMH
SHAYCHMAMMH PA3HOCTH MEXIY BETMMMHAMM g i w(g). Oty
PasHOCTh OyaeM HA3WBATL HEEAITKOH WIAN HOZPEHOCMbIO
onMcaHus yHKuMeit Y cas3u Mexay nokasarteasmu-gakro-
PaMH M PC3YAbTHPYIOUIMM NOKAsaTeacMm B j-M HabaoaeHuu.

Hesaskn obpasyior sektop v € [E" ¢ xoMnoneHTamu
y=v(@)-¢g, /=14 (2)

Yuurmnaa (1), noavuaem, uro BEKTOP HCBH30K MOXHO
NPEACTABNTL B BHAC JAMHCHHON BCKTOP-(DYHKUMM OT BEKTOpa
HCKOMBIX KodbdmumeHTOB:

y(o) = Ga — g". (3

[Tpn pasnnunbix 3Hauennsx BekTopa a o6pasyiorcs paz-
JINYHBIC BEKTOPH HEBHA30K, MHOXKCCTBO KOTOPHX COCTABASCT
JIHHelHoe MHoroolpasue

Y = {y(a): « € E™). (4)
Hrak, 3apnaua cocrour B BeifOpe Takoro BekTOpa «, npm
KOTOpPOM A0CONMIOTHRIC 3HAMCHHY BEAMUYMH y(a), j =1, n,

ObiK Obl MUHIMAABHB, DTY 33124V MOKHO PACCMATPHUBATH W
B Buac npobaemul Bubopa u3 muorooGpasus Y sexropa ¢
MHHHMATBHBIMH ﬂ.ﬁCDJIH:}THHMH FHAMCHHAMMY BCCX KOMIMOHCHT
MO CPABHCHHIO € KOMIMOHCHTAMMH APYTHX BCKTOPOB ITOI0 MHO-
roobpasus. Kaxaomy sektopy y € Y COOTBETCTBYET HEKOTO-
poi - BekTOp  Koopduumentor o € E”, npu  koropom
Yy = ¥(a). Hoatomy manee npobaemm smifopa BekTopa Ko-
atpdpmumenTor auHeiHoN hyHkumnn (1) u BCKTOPA HEBA3I0K M3
MHorooGpasus Y GyaeMm paccMaTpuBaTh Kak pABHOCHABHHIE,
Boamoxmno, ans BekTopa y € Y CyWICCTBYCT HC CANMHCT-
BeHHBIA BekTOp oo € [E”, npu koropom y = y(«). I1o Gyaer
B TOM H TOAbBKO B TOM CAyuae, ecau ctoabuw matpuum G
JAHHEHHO 3aBMCMMB, T.¢. ecam rank G < m. Hanpumep, ra-
Kasl CHTYauHs o0A3aTeNbHO MMECT MECTO, EC/TH YHCA0 HAB 0
ACHHI N MCHBIIE 4YMCAA PACCMATPUBAEMBIX (HAKTOPOR mr.
Boamoxua ona w npu n > m. B arux CAYHAAX 3HAMCHMA
HCKOTOPMX noKasateacih (hakTopos swipaxaworcs BO BCex
HaOAI0ACHNAX B BHAC AMHCAHON KOMOMHAUMM APYFHX NOKa-
sarenci-haktopos. Takyio u3burounocts nabopa dakropos
OOBIMHO CTPEMSTCH BHISBHTH [0 PACYETOR MO MNOCTPOCHMIO
ANNpoKCHMHUPYIOMEH dyHKiMH, ¢ Tem ytobm nabasurecs ot
HCC MYTEM HMCKIIOUCHHS JHHEHHO 3aBucuMmbix daxtopor. B
obmem cayuae B kauecrtee TpeGycMOro pelicHus MOXHO
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Wcnonb3osath aAboe 3RAUEHME BEKTOPA KOMPPHUMEHTOB o,
npH KOTOpoM Ans BuOpaHHOrO BEKTOPa ¥ € Y BHINONHAETCS
paseHcTo ¥ = y(a).

3apaua cuic HE ONpeacneHa okoHuateabHo. [as kaxnporo
KOHKPETHOTO HOMCPA j MOXHO HaWTH 3HAYCHMC BCKTOpa o,
npu xotopom seamumna |y(«)| aocturaer munumyma. Ilas
pA3HBIX HOMEDOB j ITH 3HAYEHWS MOryT GHTH Pa3MuHBIMM.
Uto ke CACAYET MOHMMATH MOI MHHMMATBHOCTBIO abcomioT-
HBIX 3HAYMEHHMH BCEX BENWYHH y’{ﬂ.}?

1.2. MPOCTEALUMA CAYYAR —
ONHOMAKTOPHOE YPABHEHHE JIMHEAHOH PETPECCHH

OrpanMuMMcs TOKa paccMoTpesmeM Hamboaee MpOCTOro
cAyuas — JAWHEHHOH ANMPOKCHMALHK C OJHAM NOKA3aTe/eM-
ihakTOpOM.

Mycts g, 8, — 3HAMCHMS COOTBETCTRCHHO PE3YabTH-
PYIOWIEr0 MOKa3aTeas M nokasatens-hakTopa, noayucHHbIC B
nabmonenun j. TpeGyerca nogobpate napamerp «, NpH KOTO-
pom Geiam 66 MHHHMANBHE A6GCONIOTHHC 3HAUCHHS HEBAZOK

y(@)=ag - g, j=Tn (1)
B npuHUMNC BO3MOXEH TAKOA HAGOP MCXOAMBIX AAHHBIX,

NpH KOTOPOM MHHHMYM BCEX 3HAUCHHMM |y‘1{a]||j= , g

NOCTHTAETCS NP OTHOM M TOM Xe 3HaueHuu KoabduuneHTa
a. JLna paccMaTpuBaeMoit 31eCh 3aaYM ITO BOSMOXHO B IBYX
CAYMANX: KOrAA BCE 3HAYCHMSA g: paBHB HYMIO W KOraa

JHAuEHHA B M g’ CBA3AHH NPOTIOPUMOHALHOM JABHCHMOC-

THIO, T.C. gf = Eg:, j= T, n, npn nekoropom @. B mepsom
cayvae 3HAuCHMs Y (@) HE MIMCHSIOTCH npH mobeix name-
HEHWSX @, BO BTOPOM — TpH & = & BCC Y (@) PaBHB HYIO,
W Takoe 3HaueHue koadpduumenta a, ouesuaHo, u OGymer
TpehyeMbiM PELICHUEM,

Cnoxuee apyras, HauGonee THNMUHAS CHTYaums, KOraa
HET PELICHMS &, NPH KOTOPOM /18 M0GOro RCUICCTBEHHOMD &
BHIMONHAKOTCH HEPABEHCTRA

ly@| < ly@|, i=Tn (2)
Jlpyrumn caosamm, kakow Om Him 6path BENHUHHY a,

HAWACTCS 3JHAUCHME & TAKOE, YTO A% HEKOTOPOro HOMEpa
HaGmoacuns J

ly(@| > |y@l. (3)



Paccmotpum Tpn  BoamoxEBIX OYTH JIOONPEACACHMS 3d-
naum.

I. MOXHO OrpamMuMTBLCS NOMCKOM TAKOM dysxunm 3
PaCCMATPHBACMOrD KAACCA, A8 KOTOPOH XOTH 6B B HEKOTO-
PBHIX JKCNCPUMCHTAX 3HAYCHME NOKA3ATEAR-PEIVABTATA M €ro
BHIPAXCHHE uepes 3HaveHus akTopos cornaam. M3 (1) cne-
AYET, UTO BEAMMMHA ¥ (@) pasHa Hymo, ecau kodbduunent
& NPHHUMAET 3HAYCHME

a = g}“;"g:. S (4)

OtmeTuM, uto ecan g =0, 108 (1) Beamunna ¥ () e
MSMCHACTCH NpH u3McHeHWM kodpduumenta «, 1.c. Bwbop
ITOTO KOMPHHUMCHTA HC BAMAET HA 3HAYCHHE J-H KOMNOHEH-
Thl BCKTOPA norpewHocTy. [TosToMy 3kCnepuMeHTH ¢ Takumy
SHAUCHUAMY NOKA3ATEAN-(PAKTOPA MOTYT HE YUHTHRATHCS.

SHAYCHWS & AN9 PAZHBIX HOMEPOB j MOTYT pPasAHuYaThCH.
Boanwukaer npoéneua. Ha KAKOM M3 3THX 3HAYCHME Creaver
ocranosuThca. Kpome Toro, mpu takom noaxome k onpeae-
JICHHIO (DYHKLUMK ) YUHTHIBACTCH TOABKO YaCTh IKCMIEPHMEH-
TaNbHbIX AauHbiX. [Las BeiuncacHns xoadhduumenTa @ nocra-
TOYHO TONBKO NAHHHX j-ro akcnepuMenta. OCTaABHBIC IKC-
MCPHMCHTH HC BAMSIOT HA PC3YNILTAT, OHH ABAYIOTCH KaK Gbi
JTHILHHMM,

2. MOXHO OrpaHMUMTECH MOMCKOM TAKOIO Koahpuumenra
&, HTO NPH APYTHX €ro IHAYCHWAX HENb3T VMEHBIUKTH abco-
MMOTHHIC 3HAYCHHA HEKOTOPBIX HEBA30K, HE YBETUUMBAS NIy -
rue. Hano naitti Takoii koodwpuument &, utobm npu moGom
APYTOM 3HAYEHHM @ AM60 BHNOAHANOCH HEPaBEHCTRO

ly @] > |y(@)] (5)
npu HEKOTOPOM j, anbo ana Beex j= 1, n
ly(@)| = |y@)]. (6)

[pyrumu croBamu, 3HaueHne & He MOAXOIMT B KauecTse
PCUICHWSA MPH PACCMATPHBACMON NOCTAHOBKE, CCAM NP HEKO-
TOPOM @

Ay@l < ly@) vi=Ta (M
i cymecteyer womep j, € {1, n) Taxoii, uto
ly, (@] < |y, (@)]. 8)
a 0

Ecau wepasencraa (7), (8) BHNOIHAIOTCH, TO PCLICHME «
Gynet npeanoutnteanHee, vem a. 3HAUCHHC & byner Tpebye-
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MBIM PELICHHMEM, ECIH HCT PCILCHHN, KOTOpOC 610 6w npen-
NOUTHTEbHEE HETO B YKA3aHHOM CMBICaE. DTO pEUICHHE Ha-
IHBACTCH OnmMuMaAbHbM no [Tapemo AN MHOMOKDHTEPHAb-
HOM 3agaum

|y(a)| = min, j= T, n. 9

3anaua (9) Moxer uMeTb GECKOHEUHO MHOM0 NapeTo-
ONTHMANBHHX PEWICHHNH. A MMEHHO, MOXHO 10KasaTh, 4TO
UMM SBAKIOTCS BCe 3HAueHus Kod(dpuumeHTa «, yaOBJETBO-
PSIOIIHE HEPABCHCTRY

a' < a<a’ (1M

rae

al = a. (11}

&, a =maxa

I

|5
=

=
L

! =l

3naucHus @ onpereasiorcs no gopmyae (4).

3. Haxoweu, mMoxHO ¢opmyauposate mpobnemy B BMAC
3a7aMM MHHHMM3ALMK CYMMBI HEKOTOPBIX WTpadHbix (yHK-
LHit OT HEBAIOK Y . [lycre

fy) = 2 ely), (12)

=1

rae ¢ — wrpaduas Gynkums or OTAEILHON HEBA3KH, [ —
wrpadpnas GpyHKuMs OT BCeX HeBA3ok. U3 cywecTsa npobne-
Mbl caeayer, uTO YHKUMS @ JOONXKHA YIOBAETBOPATE MO
KpaiHCH Mepe ABYM YCIOBHSM.

Bo-nepebix, MHHHMYM (DYHKUMH i JOKCH JOCTHRATHCH B
wyae: npu awbom A # 0

p(d) > p(0). (13)

Bo-sTophix, ¢ BO3pacTanuem abCOMOTHOM BEAMUMHBL He-
B930K 3HaucHue wrpadroi GyHKUMH JO0KHO YBCAHUHBATH-
csl, T.€. eCIn

p=>=1>0 (14)
anbo
p<i<O, (15)
TO
p(p) > y(A). (16)

YunThinas, 4TO B pACCMATPUBAEMOH 31ECh 3aJ1a4€ HCBAIKH
APEACTARIMIOTCH B BUaC (DYHKUMH OT OJIHOTO Mapamerpa «,
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wrpadHyio dynkumio f or BCKTOPA HEBS30K MOXHO 3a-
MCHHTH (PYHKUMEI

f (@) = f(y(a)) an

OT MCKOMOro mapamerpa «.
3anaua 3akniovaeTcs B MoOKMCKe TAaKOMo 3HAVCHMS KO-
GHUMEHTA @, NPH KOTOPOM JOCTHMraeTcs MHHHMYM DyHKLMYK

[ r.e. Tpebyerca madTn xoadpduuneHr
@ € Arg min f (a). (18)
ﬂEE.

Hapany ¢ oaunakossivn wrpadHbiMu GyHKUMIMH OT OT-
AC/ABHBIX HCBA3OK MOTYT TAKXKC MCMOMB3OBATHCA PAITHYHBIC
yuxumn, Bmecto (12) moxuo sanucats Gonee obwee vripa-
AKCHHE:

fy) = J_}; P,(¥), (19)
rae ¢, j = T, n — naGop mrpacpusix thyHKUMIA, yaosaeTso-
PAIOILKMX OFOBOPEHHBIM BHILE YCIOBHSIM.

OTHM  ycrosmam MOTyT YAOBACTBOPATHE  PALTHYHBIC
wrpausie dyHxomn. Paccmorpum nexotopuie us umx.

MeToan mauMmenbmux KBaaparos. B yac-
THOCTH, MOXHO CYMTATh, YTO

e(d) = 2% (20)

Toraa dpyukuus f GyneT cymmoii KBagpaTos Hesssok. M3 (17)
noayyaem

/(a) = z (ag, - gf}l. (21)
J=1

Jra dyukums seasercs BRIMYKA0i W audepenunpyemoir,
Ee nponsroanas umeer smn

df (@) | <
e =2 ZI g(ag' - g). (22)
:—

Ina rakoi dynkumn HeoGxoauMbimM 1 ACCTATOMHBIM YC-
JIOBHEM MHHHMYMA SBJSIETCH PABEHCTBO HYAK0 NMPOM3BOTHOIN.

Caenosarcnbho, tpefyemoe pewenwe = BRIMMCSETCE No
hopmyne

7= (3 ae)/3 @) 23

=1 =1
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Paccmatpusaemas dynkuns f seasercs CTPOrO BHITYKAOH
M MOITOMY MMEET NHWb OXHY TOuKY MHHHMYMa, T.C. pe-
WEeHWEe &, ONpenenseMoe no npaeuny (23), eauHcrsensoe.,

Ormetum, uto ecam see sHavenmns g;.‘ npu j = T, n pasum
Hyalo, no npasuay (23) Henb3s BHYHCIHTH Koappuumuent
@. Ho aror cayuail, xak OTOBOPCHO BWILIC, HE NMPEACTaABASCT
HHTCpeca, NMOCKONTIBKY OH 03Havaer, yro napaMcTp & HHKAK He
BAMSET HA HCBSIKH,

lNpuseneHumit anropurm HaxoxaeHus koapduumnenTa
YPABHCHHS pErpeccHH HAIBBACTCH Memodom HAUMEHbULLX
ksadpamoa. Tlpumenenue atoro METOAA MPHUBOIMT K OJHO3-
HAUHOMY ONpeACNCHUIO AuHElHO! annpokcuMatnn. Ox obna-
A4CT M TAKHM BAXKHBIM NOCTOMHCTEOM, KAK npocToTa ana-
FOPHTMA HAXOXACHUA pElIeHHN.

Meton paBsemwennmx HAMMEHBW U X
KBaapaTos. Muoraa uenecoobpasno cuasuee “wrpado-
BaTh" 33 ONHM OTKMOHEHHS M chabec 3a apyrue. Hanpumep,
PE3YNBTATH HEKOTOPHX HaGaOzeHuii MOryT GbITh MEHCE TOY-
HBIMH, YCM PE3YAbTaThl APYrUX, W AAHHBIN hakr xenarennHo
YUCCTh NPH MOCTPOCHHM ANNPOKCHMHUPYIOUICH hyukumn. [ag
ITON0  MOXHO BBECTH Halop BecOBhiX Koahpuumenron
h, > 0, j= I, n. Yem Briwe Tounocrs J-r0 Habawaenns, Tem
dmame Aonxked Omth koadhdwmument h; no CPABHCHHIO ©
Apyrumu koadpbuumentami. B stom CAYHAC MUHUMHIUpYC-
Mas (DYHKUMS onpeneasercs yxe e CoOTHOWEHMEM (12), a
6onee obwmm yerosmem (19) Wirpadunie Gyukumm or or-
ACABHBIX HEBS3OK MMCIOT BMJ

#,(A) = h A, (24)
Coorsercreenno dhynkuns f AOJAYUYACT BHIPAKCHHC
[ (a) = by h(ag' — g’)’. (25)
=1

Ita dywkums spasercs andppepesunpyemoii 1, ecan mc-
KJIOUMTDL Cayuait 8' = 0, cTporo swnykaoi. Toukoii ee MH-
HUMYMa Gyaer BeaAMYMHA

a = Z {h}g.lg:’} ,fi h(g)" (26)
i=1

=1

OrMmeTim, uto ccan Bee pecosme KOS(PHUMEHTH OaHHa-
KOBH, TO 3HAUCHNS koodpHumenTa @, BHUMCACHHBIE MO npa-
BuaamM (23) wm (26), cosmazawor, T.c. METON B3IBCUICHHBIX
HAMMCHBUIMX KBAAPATOB BKAKOYACT B cebs kak HYACTHRIN Cay-
YAH MCXOAMBA MCTO1 HAMMCHBLINX kBanpator. Caenyer
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ormernth, uro Taycc BBen METOR HAMMCHBILHX KBaapaTos
cpasy € BO3MOXKHOCTBIO 3ajaHus TpH ITOM BECOBHIX KO-
apdhHUMEHTOB, paccMaTpHBas BCE 9TH AJTOPHTMEI KAk METOA
HAWMEHBIIMX KBAAPATOR, Ero Mbl H Gynem NpUACPARHBATHCS
nanee.

MuunMH3anns CYMMBH Moaynen ot
x 104 enuik Yciosusm (13)—(16) yaoRneTBopscT TaK-
#x¢ hyHKUHS

e(d) = |1]. (27)

B Gonee obGuwem cayvyae B KauecTse wrpadunx QyHKUWA
MOMCHO MCIOIB30BaTh B3IBCHICHHKIC aBCONIOTHHE 3HAYCHHSA
OTKAQHCHMH, KOraa

e =nlal, = Tn. (28)

3nech

i ok : T
f@)=Y hlag - &l (29)

=1

Jra (yHKUMS BHINYKAAs, HO HC CTPOTO, M NOJTOMY €€ MW=
HHMYM MOXET JOCTHraThCd B HECKOAbKMX toukax. Ona ne
auddepeHUMPYEMA, UTO HECKOJIBKO YCAOKHACT BHIYHCACHUE
u MACHTHOMKAUMIO TOYKH MHHHMYMA.

Hpyrne mTpadprHBE Gy H K LMK YCI0BKIM
(13) —(16) yaoBJCTROPAIOT TAKKE wrpadHbie PyHKUHH BHAA

e () = h(laly. j=Tm (30)

npw 3azansbix Kodhuumentax h > 0, j=T, n, u mobom
gewecraennom p > 1. OtMeTnm, uTO mpW p = 2 yHxuns
(30) cosnagacr ¢ pynkumnei (24), T.e. nenoab3opanne yHK-
uun (30) MOXHO PacCMATPHBATL Kak obofuicHue METOAA
HAMMEHBIINX KBAAPATOB.

Wenoabaosanme wTpadHbix GyHKUMM (30) croanT 3anauy
(12) k 6e3YCAOBHOH MHHUMH3ALUMHA CTPOTO prny kA0 andpe-
peHUMpYEMOR hYHKUNH

fla)y = 2 hilag — 8l (31
=1

Takas (YHKUHA MMCCT CAHHCTBCHHYIO TOUKY MMHUMYMA, B
KOTOPOM €¢ NPOM3BOAHAN ofpawactcs B Hyab. Ho Toabko B
PACCMOTPCHHOM PaHee cayuvac npu p = 2 yCAOBME PABCHCTBA
HYJII0 NPOM3IBOHOH MPHBOIUT K AMHCHHOMY ypasHenuio. [Tpu
p # 2 noayunm HEJTWHCITHOE VPABHCHMC, YTO YUIOKHACT
BHIMMCICHUC TOMKH MHHHMYMA atol GhVHELHH.
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Bce paccmorpennnie mrpadmbie pyHKUMN 981510TCH cena-
pabeabHBMH — OHM NPEACTABMMBE B BMAC CyMMBbI (QyHKLMI
OT OTAC/NBHBIX KOMMOHEHT BEKTOPa HEBA30K ¥. [1pu pemennn
3alay anmpoKCHMAUMM MOTYT MCNOH30BATHCH HE TONBKO Ta-
ke pynkuwn. [Ipumepom wHecenapabensHoi wTpadroil
dyHKUHKH gBAfeTCH ueObuencKas HopMa

/(y) = maxh|y|. (32)

i=T=

Hcnonvsoranme takoi wrpadHoi GyHKIMK 03HavAET, 4TO
npH annpoKcCHMauly MUHHMHIHDYCETCA MAKCHMAIBHOC B3RC-
WEHHOEC OTKJOHCHME, ONpeacagcMoc € HCNOAR3OBAHHCM 34-
Aaunbix Becos h > 0, j = T, .

O peposTHOCTHOM O0OOCHOBAHHUM B H-
Gopa MmerTona Bcea3M ¢ npeacTaBJeHHBM MHOMOOA-
pasMeM BO3MOXKHBIX MOAXOAOB K MOCTAHOBKE M PELUCHHIO
3474y gNUPOKCHMALNH €CTECTBEHHO JO/IKEH BO3HHMKHYThH BO-
npoc, KAKHM XK€ METOAOM CACAYET PCllaTh ITH 3aAaum.

Buifop meroaa wacTo o6yC/AOBAHMBACTCH BRIMHCAHTEABHbI-
MH yaoBcTeamu (Teneph B CBS3M C PASBHTHEM BbIMMCAMTE/Ib-
HOH TEXHHKH NPCHMMYLICCTBA MCTOAA HAMMEHBLIMX KBAAPATOB
CTaaM HE CTOMb CYWIECTBEHHBIMH KAaK pPaHbIE), YPOBHEM
NOArOTOBKM MCCAenoBaTens (TpaguMuMoHHO B yuebHMKax no
ofpaloTke CTATHCTHYECKMX AAHHBLIX MPHBOAMTCS MPEXae Bce-
r METOA HAMMEHBIIMX KBAAPATOB) M NPUMEHSEMBIMH TIi-
NOTE3aMH O NEHCTBHH CIY4YaHHBIX (DAKTOPOB B paccCMatpueac-
MBIX MOKA3aTCNAX.

[ayccom u Jlamnacom Obiin 3aA0KCHBI OCHOBK BEPOSTHO-
CTHOrO OGOCHOBAHMS METONA HAMMCHBIUMX KBAAPATOR Kak
criocofa MUHMMHM3AUME NOCAEACTBMI OT cayuaitamx owmnbok
B H3MCPCHHMAX. YCHAHAMH MHOMMX MATEMATHKOB NOJAYUYEH
pall BAKHBIX TEOPET.IMECKMX DPE3YNbTATOB, J0Ka3HBAIOLINX,
YTO JAHHBIH METOA AaeT Hauayuwmue B ToM b0 WHOM
cMBiCAe OUeHKH (HecmeweHHbie, dddexTHBHEE) npu onpene-
JEHHBIX NMPEANOAOXKEHHAX. Fi

K coxanenmio, 4acTo 3TH NpEeAnoNOXEHHA TPyaAHO oboc-
HOBATH WM MPOBEPHTE A8 KOHKPETHHX 3aaau. Bmecre ¢ tem
aaxe HeboablWIME HA MCPBLIA B3rASA M3MCHCHMHE B JTHX
NPEANOAOXKEHHSX MOrYT NPHBOAUTL K JAPVIMM BHIBOAAM 1O
eeifopy merona. Hanmpumep, ofmiuHo obocHOBAHME npuMe-
HAMOCTH METOa HAWMEHBIUNX KBAAPATOB CTPOMTCH Ha TH-
MOTE3E 0 HAJHYHH CTY4YalHOH COCTABAAKMIEH B M3MEHEHHAX
Pe3yNbTHPYIOUWIErO NOKA3ATENR, NMOAYMHEHHOW HOPMAIBHOMY
3akoHy pacnpeaencHus. Bpeaewme (B kauecrse anbrepua-
THEBl WM JOMOJHCHHSA) FHOOTE3BI O HAAMMMH TaKMX XKe
CAy4alHbIX COCTABAYIOWMX ¥ nokasatenci dakropos Tpebyer
M3MCHCHMS anroputmos pacuetos |1 ). Npu eecaenun npea-
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AOAGAKCHNA O ACACTIMN APYEMX BAKOMOR PACHPEACICHNY, KaK
ormevan cue Kowm (Mh npuMepe sakons pacipeacncins,
HOCHLIETO Cro MM), B0ACE NOAXOANIIM MORET CTATH APY O
METOA, W MACTHOCTH METOA MMIMMIARINN CYMMB MOLYICH
[8 ]. Boaswoe snavenne wMeet saaanne Gopmi posaehcTens
cayuainoi  cocranamiomen  wa  nabmopacMue  nokasaTeaun
(AMANTHRHOC, MYALTHIVIMKATHIHOC WAK B WHOM RMAC).

HMuoraa COMHUTCABHA CAMA TMNOTE3d O TOM, 4YTO OTKJAO-
HeHMS (KOMMOHCHTH BEKTOPA HEBA3Z0K Y) MOMHO paccMar-
puBaTh KaKk HA60p BHPAGATHBACMBIX MO KAKOMY-TO BCPOAT-
HOCTHOMY 3aKOHy unces. Hanpumep, B I9KOHOMHUECKMX HC-
CACOBAHNAX HEPEAKO HMEEeTCH CAMHCTBCHHASN peasMsauus
AHATHAMPYCMBIX NIAHHBIX, KOTOPYID Heah3s cumTaTh BhIbOp-
xoit na Geckoneunoro Habopa cayHaiHeX unces.

OGLACHEHNHE OTKAOHCHMIT KAK PC3YJBTATA MOrPEIHOCTEMH
8 cGope u ofpaGoTke AAHHBIX, 338 KOTOPBIMH MOXKHO MPH3HATH
BCPOSTHOCTHYIO NpMPpOaY, 4YacTo ABAACTCA HCAOCTATOMHBIM.
OB6KYHO NOTPEIHOCTH ANNPOKCHMALIMK OOBACHSIIOTCS AciCcT-
RMEM APYTHX, HC YUHTHIBAEMbIX B PacCMATPHBACMOM naGope
thakTopor. ITpHueM YacTo HEAB3S YETKO ONPEAEanTh hopmy U
CTeneHh BO3ACHCTBUA HEYUMTHIBAEMBEX (DAKTOPOB M Aaxe no-
poil UX COCTAR,

Paa npumepoR, NOKAa3siBAIOUIMX BAXKHOCTH NPaBHABHOTO
YUETa NPCANOCHIIOK NPH CTATHCTHUCCKOH obpaboTke aaHHbIX,
npusoant I'. Cexei [8 |

KOHEYHO, BCC JTO HC CHMXKACT BAXHOCTH MMCIOWLMXCH
pe3yAbTATOB B TCOPHM CTATHCTHMUECKMX OUCHOK, & TOJLKO
nonuepKHRACT HEOOXONHMOCTh KPUTHUECKH HX BOCIPUHMMATD
W PA3RHMBATE WHBIC moaxoas B 000CHOBAHMM BhIGOpA METOAA
annpoKcHMAaInn,

FeomMeTpuueckue naawertpaumm, Oc
HOBHAS LCAb AAHHON KHUIM COCTONT HE B anannse npobacmu
prifopa meTona, a B peuieHun Goace CKPOMHOW 3ajaum —
BHIACHCHMM BOMPOCA, KAK COOTHOCHATCH Mexay ool peiuc-
HUS, TIOAYYAEMBIE PasHbiMM Metoaamu. CrROMCTRA noayuac-
MBIX PEMICHHI YA00HO NPOMANIOCTPHPOBATH HA PACCMOTPCH-
HOM 3716Ch NPOCTEHIIEM CAYUAC NAWHCHHOR ANNPOKCHMALINN.

Ha puc. 1.1 rpadmueckn npeaCTABICHBM B BMAC TOMCK A
ACKAPTOBONH CHCTCMC KOOPAMHAT MCXOAHBIC AAHHKNE W OAHA W3
BOMOKHBIX ANNPOKCUMMpYIOmMX  npamux. Tlo  yeaonmam
PACCMATPHBACMON 3ANAUN ITA NPAMAN AONEHE NPOXOANTS
YCPE3 HAYAN0 KOOPAMMAT, (PHMCM TANICHC YL HAKAOHD
pascH K0dphuumeHTy .

CreTABIMH CIIOIHMME ARHIIMI OB0IHANEHN ANNPoKcH-
MHPYIOIINE NMPAMBIC ¢ MAKCHMIVTRMBM W MEHIMOIRHWM KO-
HpPUUHCHTOM @ NPH BEMHCACHHN IO N0 NEPROMY W3 pac-
cMoTpeHunx npaswa. Ha 21oM npuMepe snano, uto ccam
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Puc. L1, Teometpuieckoe npeactanieHme Juneinon ANNPOKCHMALIHK 33~
MHCHMOCTH PEIVALRTHPYIWCIO NOKAZATEAN OT OJHOM cl'mb'.mm.g; — noKa-

aTeaL-haKTop; gj':' = PEIYALTHPYIOWHA NOKAIATEAb, ¥ — IHANEHMA HCRS-
I0K annpokcumamsm B nabmogeim .

npaMas GyAET NMPOXOAHTH BHE BHIEACHHONO KOHYCA, TO Nph
MOBOPOTE €¢ K KOHycy a6COMIOTHBIC 3HAMCHMS BCCX HEBA30K
Oyayt ymenpwmathes. [Toayuaemmie no moGomy wa pacemor-
PEHHHEX 3IcCh METOADR PCIICHWSA 5}"2}"T AABATE [PAMY KD,
HAXOAAWYKOCH B TaHHOM KOHYCE.

ITOT npUMEP MAMIOCTPHPYCT BAXHOCTD NOHATHS NAPETO-
ONTHMM3AUMM 118 33434 annpokcuMaunu, Xory 1o noOHATHE
BO3HHKO HC B CBA3M C 3a1a4aMM annpokcuMatun (oHo Guiio
BeeaeHo B, Tlapero ans npobaembl COrIACOBAMMSE IKOHO-
MHUYCSCKHX MHTEPECOB), OHO OMEHB MOJE3HO B KauecTBe 0bob-
HWEHHS METONOB  annpokcHMauwn. [loavuaemsie MHOrIMY
OOLIENPHIHAHHBIMH METOAAMH PEUICHUS 32244 ANMPOKCHMA-
LUHH ABASIOTCS OOBMHO PCLICHMAMH € MHHMMAJALHBIMH 1O
IMapeTo abCoMOTHHMN 3HAUCHHAMM KOMIMOHCHT BEKTOPA He-
8430K. M HaoBopor, ecam noayuacMas TeM HAH MHBIM METO-
A0M annpoKCHMMAlLMs HE AACT MapeTo-MHHMMANbHEIX abco-
JOTHBIX 3HAMCHUH BCKTOPA HCBH3IOK, TO MOXHO COMHEBATHCS
B KOPPEKTHOCTH MeTOAa. DTOT Xe MPHMEP WITIOCTPHPYET
BAKHOCTE ATIMPOKCHMALIHH N0 NPaBHAY MAKCHMU3auun Habo-
Pa HYJCBHX HEBA3OK 109 ONPCACACHMS rpannu ofaacru na-
PCTO-ONTHUMAJIBHBIX PCLICHMINA,

Ha puc. 1.2 1ano reoMeTpuueckoe npeacTasiCHHE 3a1a4m
ANMPOKCHMALMM KAK NOMCKA HAMMEHCE YAAJCHHON OT Havana
KOOPAMHAT TOUKH JMHCHHOIO MHOMOOOpPasus, COCTABACHHOM
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N HAIDAONCHUR YOsOanR
anavenus” |y, |

HanooBNEHL O MR

Puc. 1.2, Jlnnefinoe suoroolpaane 3nauenmil BexTOpa HEBRI0K NPH Juvx

walmonenmax, Crpeakasn YRAIAHL HANPABIEHNH DEPEMECULEHING, NPH KOTO-

P _YMEHBIIASTCR ABCOMOTHOE IHRUEHWME OINOI HA KOMOOUENT, Orpeaok

¥, ¥] mmnsercs MuomeCTROM BEKTOPOE C MUHMMILILILIMK no Tlapeto abco-
JOTHBIME AHBUEHAAME KOMIOHENT

M3 BO3MOXKHKX 3HAUCHWH BCKTOpa Hessizok. B nannom cayuae
B OTAHYHE OT NPEAbIYINErD PACCMATPHBACTCH 332443 JAHHCIH-
HOM anNNPOKCHMALLMK NP ABYX HAOAKACHMAX, NOCKOABKY HA
pucyHke Haubonee HArASIHO MOXKHO H306GPAIHTL ABYXMEPHOC
npocTpadcTro. JInneinoe mHoroolpasue Y sBASCTCH NPaMOi
B ABYXMCPHOM NPOCTPAHCTBE, COCTOALIEM M3 TOUCK

y=A4y + (1 = )y (33)
npu mobom sewecrseHuom A. 3acch
y=y@) ¥=y@a, (34)

— TOUKHM MHOrOOOPAIHA C HYACBBIMM IHAMCHHAMM NCPBOI M
BTOPOH KOMNOHEHT.

M3 310r0 pucyHKa BHMAHO, YTO PCIICHUAMH € NAPETO-
MHHHMAaIbHBIMI aﬁcnmn'n_ml-m JHAYCHHUAMMN KOMNOHCHT $B-
AMOTCH TOUKH oTpeska |y, v ), u Tonwko onwn. Ecan touka vy
Ha PACCMATPHBACMON NPAMOH HAXOAWTCH BRHC ANHHOMO MHTCP-
BAJA, TO NPH NEPEMELUCHHUM OT HEC K FPAHMLLAM WHTCPBATA
abeonoTHLE 3HAUCHHS OGEHX KOMNOHCHT GVAYT YMCHBILATL-
cst. [1pu nepemeweHnn no npaMoil BHYTpH mutepnana abeo-
JHOTHBIC 3HAYCHHUS ONHOH M3 KOMMOHEHT GvavT noipacrars.
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PHC. 1.3, TeoMeTpuuecsoe npeacTaniciie MusmMuaawns wrpadusix (hyik-
ILHI WA AMHEAHOM MHOTOOGPAINKM NPH MCHOALIOBAHMH METOIOR HAMMEHBILIN
KHAPATOR (@), MMHMMMIAUME CYMMBE MOAYACH (6) 1 MHHHMMHZALAMN HAk-
foasmern masemennoro orkaoneins (s, ¢). Jdwneinoe smuomobpasse napo-
JEALHO OO M3 KOOPAMHATHEIX OCEH (2): TOMKH MMHMMYMA velhenckoi
HOPMBI COCTARISIOT BECH BLUIEACHHLIA MHTEPBAN, TOMKA ¥ RRASETCH EAMHCT-
BEHHBIM  BERTOPOM C NAPETO-MUHMMAALHBIMM  A0COMOTHLIMK  AHAMCHHAMMK
KOMIOHEHT.

Ha puc. 1.3 rpadmueckn npeacrarneno onpeneacHue mMu-
HUMYMa Tpex wrpadusix dyskumit Ha Muoroobpaswn. 3a
CUET BAPLHPOBAHWUSA COOTHOWEHMH BCCOBHIX KoadpuuneHnTon
{HHS}'EI.T.II‘HD — BhHITATHBAHHA HIM CXATHHE NO KOOPOHMHATHHIM
OCAM JHHWI YPOBHCH (byHKUMI) MOXHO NpuiTH K 11060i 13
TOYCK BHYTPH MHTEPBAAa |y, ¥ | NpH MCNOAb30BAHMK METOAA
HAMMEHBIINX KBAJIPATOR M MWHHMH3AUMM MAKCHMANLHOM
OTKJOHCHHA W BCE TOMKH (BKAIOMAH FPAHMLLL MHTCPBAAA) NpK
HCNOMTh3ORAHMH  MHHMMHIAUHW CYMMB M{‘.I.'l}"."ll'.‘ﬁ OTEIO-
HCHME,

Puc. 1.3, ¢ MAMOCTPHPYET OQHY BAXKHYIO OCOBCHHOCTH
YCOBIERCKUX HOPM, MHOrIA TOUKM MHHMMYMA HA JMHEHHOM
MHOrOOOPA3HM ITHX HOPM MOFYT HAXOAMTHCH BHC MHOXECTBA
HCKTOPOB MHOrooBpasus ¢ napeTo-MMHUMaNhHBIMK abcomioT-
HBIMH 3HAYCHHAMH KOMNOHEHT. B manwHom cayuae, kak ato
npecacTaBpACHO Ha pllC}'HKf.‘. C}'U.ICCTB}"I.’.’T MHOM TOYEK MH-
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Puc. 1.4,  Obwacuenme dpdexra paciumpenma MUOMecToa peticimdl npu
MCNOALIORAUHK  uelbimenckoli nopMst B cnyupux asyx (@) w Goasuero
koavuecrna wafmonernit (6). Cnnonmsym AHHHEMH BHUAEIEH KOMYC @n-
NPOKCHMHPYIONINX TPAMBIX (HE PHC. @ COCTORILMI M3 OJHON NPAMO), nony-
HACMLIX METOIOM HAMMCHBINMX ERAIpaTOR M MHHHMHIAIMCR CVMMI M(I,rl_'r.-'ltl‘-i
nps sapsMposaun pecopsix Koadduunentos. LLITpHXOBLIMN JHHMAMI BLIE-
JIEH KONYC BOIMOMHBIX AMNPOKCHMHPYIOUIHX NPHMBIX NPH MHUHHMHIAHHH
uehuuenckon HOPMB! LIS CAYYAS, KOIA BCE BECOBLIE KOIPQHIMEHTH! &1~
HHYHLIC.

HUMYMA, Cpean KOTOPBIX MMCKTCHA TOUKH C MapeTo-Mu-
HHMANBHBIMW HECO.I'IIGTHHMH AHAMCHHAMMN EOHI'I('IHL'HT. 3.HL':EI:
TAKOBOM HBAACTCH CAMHCTBCHHAS TOuka v. B oroit Touke
AOCTHIACTCH MHHMMYM CYMMBl KBAAPATOB M MOAVJICH OTKAO-
HCHHI npu MO0BX MOAOKWTENbHBIX BeCoBbIX KO3(hduuu-
CHTAX.

Ha puc. 1.4 paerca obwbacuenue sdupekta pacumpenus
MHOXKCCTBA ANMPOKCHMHPYIOIINX TMPAMBIX MPH HCMOAb30BA-
HUK yeOpueBckol Hopmi. 3aeck onHa w3 Touek Habaw-
MCHWH, 8 HMCHHO g, pacnofoxena Ha ocn abcuuce. Beanunna
h,y (@) Henamenna npu A00LIX ¢, BCISACTBME HCr0 nojayuac-
MBIH KOHYC annpoKCHMHMPYIOWMX MPAMBIX NYTCM MHMHUMM-
3aUMH YcOBIICBCKON HOPMBI MOXET CTATH WMPC KOHYCA an-
MPOKCHMHPYIOUIHX NMPAMBIX € NAPCTO-MHHHMAILHEIMHK OTKI0-
HeHuaMB. OTMETHM, UTO DTO PACHIMPENNE FARNCHT HE TOABKO
OT BCAMMMHBL Y, = g'l'. HO 1 o1 pubopa weconoro  kood-
puumenra h .

Ot vakoro adpexra w cayune oamoduk ropion  annpo-
KCHMAHM  MOMHO #a00mmrncs mekioMenmes i paceMoT-
perms HAGMOACHIIE C MY ACHIMIC DHANEHIIMEE ORI Tes -
haxropa, B cayune suorodarropiol sosean takon sguperr
MOZECT HMCTH HE CToan oMenmaise  werovmikm, Coocobm
DAMMMHMPOBANNA 2THX KPPeRTOn OYAYT Pacesmorpenm n na
parpade 1.4 w n komue i, 0.
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L3, ANINPOKCHMALIHE METOJIOM
HAHWMEHBIUMX KBAJPATOR

Bepuemca x ofuweMy cayuan AHHEHHOM annpoKcHMAaLmu,
Koraa koauuecTtso daxktopos moxer Ouith M00bIM  LEABIM
uncaom m = 1. Pewcune AAHHON 331aYH METONOM HAMMCHb-
IWMX KBAAPATOB COCTOMT B MHHMMH3AUMH GYHKUMK

L
= 2
=) ()
J=1
Ha AMHECHHOM MHOrooOpasuu Y. Buipasus BEKTOp HEBA3OK B
BHIE AHHCHHOH (DYHKUMM OT BEKTOPA NapaMeTpoR o, MOXEM
nepedTH K 3azaue 6e3ycaI0BHON MHHHMMIA LMK hyHKwHm

f (@) = (Ga — g% (Ga — g°). )

Oyuxkums [ 9Basercs BHNYKA0H M audipepeHumpyemoil.
Ee rpaaucHT MMeeT Bua

Vf (®) = 2G'(Ga — g%). (3)

[lpupaBHsas rpannMeHT HyJAEBOMY BEKTOPY, MOAVUHM CHCTEMY
JHHENHBIX YPABHEHMIA

(G'G)a = G'g". (4)

Pewenne aToi cucremn (0603HAUMM €10 BCKTOPOM & ) M
Oyaer 7TpebyemmM 3HaueHMeM BekTopa  KoadduumeHTOB
YPABHCHHA JIHHCHHON annpoKCHMMALLMM,

Ormernm, uTo cucrema (4) seerna umeer pewenne. Ecam
n TOBKO ecau rank G = m, TO peweHue eamHcTRenHoe. B

atoM cayuae yuxums S crporo sBmnykna, marpuua G'G
ABNASCTCH HeocoGeHHOM u nodTomy mmeeT ofpatiyio. Toraa
pelIeHHe cHCTeMbl (4) MOXHO 3anucath cacaywoummm obpa-
30M:

a = (G'G)”'G'g". (5)

Beenenwne BecoBuwx Koadpdwuue u-
T 0 B. B orom cayuae mexktop koadppmumenTor auueiiHoi
byukunn o € [B" n Bextop HeBa3OK onpeaensorcs nyTeMm
PCLICHUS 3334 MUHMMH3AUMM (DYHKLKM

;) =2 hy ()
=l
NnpH YCI0BHH
Ga — y = g°. (7



3nece h € E — sextop secorkix koadhdmumentos, cooTHo-
IWCHHS KOMITOHCHT KOTOPOIrO XapakTepHavior, HanpusMep, an-
puopn__ zagmasacmyio  uHdopMatusHocts  naGaoncHuii
=1, n.

DyHKUKIO f' MOXKHO NPCACTABMTSL B CACAYIOUICM BHAE:

f3(y) = y'Hy, (8)

rac H = diag h — aunarodansHas marpuua ¢ koapdmumcs-
Tamu h no anarosanu.
I el
3anaua (7), (8) ceoautcs K npobaeme Ge3yCAOBHON MUHMK-
MH3AUWH KBAZPATHUYHON BRIMYKJON (hyHKUHK

f; (@) = (G — g")'H(Ga — g). (9)

[IlpupasHgs rpaaveHT 310N QYHKIMM HYJACBOMY BCKTOpY,
NOAYHHM CHCTEMY JHHCHHBIX VPABHECHMN OTHOCHTENBHO BCK-
Topa KO(hHHUUHCHTOR a:

(G'HG)« = G'Hg'. (10)

B oroit cucreme matpuua yeaosnit G'HG ssasercs cum-
MCTPHYHOH M HCOTPHUATENbHO  onpeacnenwHon. Ecawn
rank G = m, 1o Mmarpuua G'HG noioxuTENbHO ONPEseacHa.
Jing pelueHus TAKHX CHCTEM JMHEHHBIX YPABHEHHH MMeEeTcH
MHOTO 2(PPEKTHBHBIX AArOpHTMOR M mporpamm |9 |.

Hrak, mcnonssosanue B METOAEC HAMMEHBIUMX KBAAPATOR
BCCOBBIX KOXP(PHUMEHTOB HE YCIOKHAET B BHIMHCAHTEABHOM
MnjaaHe 3ajgavy, HO JacT JOMOTHHTCABHBC BO3IMOMHOCTH. 3a
CYET BBCACHHA BCCOB MOXHO PEryaHpoOBATH BAMAHHC JAHHKLIX
oTaeabHbIX HaGNOACHHE HA Pe3yABTATHL PacueTa.

FTeoMeTpHuMEeCcKOEe NMPEACTABACHHKEC
METONA HAMMEHbM UX KBaAaaApartos [lpu
m0bomM BekTope Becormx kKoadduunentos h € E’é_ bynkuns

f} crporo Bwnykna. TTooTOMy OHAa MMEET CAMHCTBCHHYIO

TOUKY MHHMMYM3 HAa JHHCHHOM MHOroobpazuu. 1o aHauuT,
yTO aaxe ecam 3azaua (6), (7) uMEeT HCOOHOIHAUHOC
peuwieHHe N0 BekTopy  koodduumentos a  (korna
rank G < m), TO nNo BEKTOPY HEBA3OK ¥ ¥ Hee OGyacr eann-
creenroe pewenne, OGoanaunm aro peweHue

¥ = arg min /}(y). (11)
yEY

B atom onpeacienum sektopa Y dyHKumio /) mMoxHo
3aMEHMTh (PYHKUMCH p:, ABASIOMENCH CREAMIOBON HOPMON B

E
piy) = (SN (12)
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Mockoabky QyHKIUHA o) SBASCTCH PE3YALTATOM MOHOTOHHOMD
npeoGpazosanns yHKumm [, CRPABELIHBO COOTHOLUEHME

y = arg min p}(y) . (13)
yEY

M3 (13) cnenyer, 4TO ONTHMAJABHHIN BEKTOP HEBA30K
ARNSCTCA HAMMEHEE YIANEHHON OT HAYa1a KOOPAMHAT TOUKOM
muoroobpasus Y npu M3MEPCHHH PACCTOAHMIT B NPOCTPAHCTBE
" ¢ nomowsio Hopmi p). Takol BCKTOP NPHHATO HA3MBATH
npoekyued (KOHKPCTH3HPYS MCNOABIYEMYK) HOpMY — eéd-
KAudoaol npoexyuei) Hava a KOOPOMHAT HA MHOXKecTBO Y.

fipu h =1, j= 1, n, BEXTOp MHHUMANBLHKX HEBAIOK Y
NePRCHAMKYAAPEH MO0OMY HANPABACHHIO NOANPOCTPAHCTBA,
napaaaeasioro Mmuoroofpasuo Y, koropoe o6ozHaumm

Z=1{z=0GCu:acE" (14
[Mpw awbom z € Z

"2“12I =0, (15)
=]

B cayuae korna secosbie K03(hdHUMEHTH h, e obssatens-

HO COWHMYHBIEC, TPH nwobom z € Z cnpaacnnnnu COOTHO-
IICHHE

Eyhz = (). (16)

1 P )
po=

Coraacto (16), rpagment yHKUMH f; 8 TOMKE Y OpTOro-
HaaeH moboMy HanpaeacHno z € Z:

EI ?J fl‘{y)zj = 0, (17
=

JedcTBUTENbHO, AAA paccMATPHBACMOM (YHKUMM B Ni0-
Goit Touke y € B

| el
SVI®H =hoy. (18)

[Moacrasnss 910 BepaxeHue npu y = y B (17), noayuaem
(16).

Ha puc. 1.5 reomMeTpHuecky NpeacTaBIcHb COOTHOLICHHS
(15— (17 . Koraa sce mecosnie KOMPHUUMEHTH OAHHAKOBE,

FPAAMEHT 'Ff;{y} COBNANACT MO HANPABACHHUIO C BEKTOPOM ¥
B 3TOM CAy4ae TOMKY Y MOXKHO NPEACTABMTE KAK NEpnesH-

AMKYJAP, ONYIWICHHBA M3 HAYANA KOOPAMHAT HA AMHERHOE
muoroobpasue Y (puc. 1.5, a).
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AN .
v, (i)

vl ()
.
NI, (9)

' u ¢ 1.5, FeomerpHueckoe NPEACTARIEHHE CRKAMI0RON NPOSKIHMN Ha4asa

KOOPAMHAT Hit THHEAHOE MHOrO00PAIHE B CAYHAE GAHHAKOBWMX (@) W PainBIy

() pecoswix koadubuumenton. B nepaoss coayuae RANPARACHHE FPRIMCHTE W
H-rpagMenTa COMBIM0T, BO BTOPOM — PRLTHHNITON,

TV TEOMETPHUECKYI0 MHTEPIPETAUHI0 MOXHO 0606muTh
(¢ moTepei NPUBBIYMHOW FEOMCTPHYECKONW HATTAJIHOCTH, HO €
COXPAHCHHEM MATCMATHUCCKON CTPOrocTH) Ha CayuaH He-
OIMHAKOBLIX BCCOBHIX KoadduumMenTOB h Ilas aroro caeayer
ONpEacaNTh CKANAPHOE NIPOM3BEACHHUE B npOLTpaHLTBE E" xar
CACOVIOWYK QYHKUHIO OT ABYX BCKTOPOR: 1

(x,¥), = Z"hJ Y, X, (19)
/=l
Takoe ckangproe nponaseneHne OyaeT COrNACOBAHHBIM C MC-
noAL3YEMOI HOPMOIL: npu mobom x € [

(x, x), = (p3(x))". (20)

Ycnoswe OpPTOTOHANBHOCTH BEKTOPOB X M Y MPH pac-
CMATPHUBACMOM CKAASPHOM npousseacHuy OyaeT COCTOATH B
BHINOJIHCHHHA PABCHCTEI

(x,y), =0, (21)

KOTOpPOC HA30BEM h-0pPTOroHAABHOCTBIO.

Hanum BGonee ofmee, uem npuseacHnoe B Tpeaucaosun,
ONPEACICHNE MPAJAKCHTA, B KOTOPOM OH 3aBHCHT oT BhiGopa B
" ckanapuoro npousseacnns. Cneays, vanpusmep [4 ], onpe-
AeauM 2paduenm @ moyxe X (PyHKUMK @ KaK BEKTOP @ TAKOH,
uto ans Beex y € B

p(x + ¥y) = @(x) + (a, x) + e(y), (22)




rac

e(y) = O(y), (23)
T.C.
lim e(y)/max [y}l = 0, (24)
it j=Tn

[Mpw ucnons3osaruu B (23) O6HYHONO CKANAPHOTO Npo-
HWIBCACHHWA

"

(X, ¥) = D yx (25)

B |
i=1
MOJYYMM CTAHAAPTHOC ONMPEACACHHE FPAAMEHTA KAK BEKTOpa
yacTHeX npouasoanbix. Ecau B (22) mcnons3oBath ckansp-

HOE m3seaenne (19), T.e. morpeGoraTh or BekTOopa a
BHIMOAHEHNS YCAOBHS
p(x + y) = p(x) + (a, x), + C(y), (26)
TO MOAYUYHM
a = V(x), 27N
rae
1 dp(x)
h ]
Vhp(x) = (28)

Bektop V"p(x) nasosem h-rpaauentom yHkumn ¢. Or1-
METHM, YTO npw aobkix X, y € B’

(Vp(x), ¥) = (V'p(x), ¥),. (29)

Orcopa yenoesme ontumansHocT (17) MOXHO npencTaBsuThb B
caeayiowem suac: npu awobom z € Z

(VAE), 2), = 0. (30

Ilna paccmatpuBacMoi yHKUHK fz" ee rpaaweHT B a000H
TOUKE X COBMAJACT MO HANpPaBACHHIO C BCKTOPOM X!

%v‘f;(x} = X. 30

Otciona ycaosue (30)_MOXHO HHTCPNPETHPOBATL KAK OPTOro-
HAABHOCTh BEKTOpPA Y npocTtpancTtey Z. 31ech OpPTOTOHAIb-
HOCTHL onpeacaserca ycaosumem (21), koropoe npu HeoowHa-
KOBBIX BCCOBBX KOa(hduumeHTax llj HC COBMAAACT € NMpPHBLI-
YHOW reOMETPHYCCKOW NEPNEHAMKYJSPHOCTLIO BEKTOPOB.
MutTepnperauns Becosux Ko3d ¢ u-
HLHEeHTO B MOXHO BHACIHT IBA MOAX0AA B ONpPeAeseHHH
BECOBBIX KOIMPDHUUMEHTOR METOAA HAMMEHBIINX KBAAPATOR.
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|. Hanbonee pacnpocTpaHeHo NPEACTABACHHE ITHX KO-
HPORUHCHTOR KAK XAPAKTEPHCTHK TOMHOCTH OTACAbHBIX Ha-
Gmopenuit. COrNacko TAKOMY NPEACTABACHWIO, 3HaucHue h,
noskHO GHTh paBHO BenwuuMHe, o6paTHOR AMCTIEPCHW j-TO
HaGmoaCHNS, ONPENcAseMoil, HANPUMEP, MCXOAS M3 Xapak-
repucrnk npubopa, ¢ NMOMOWBIO KOTOPOrO OCYMECTBARA0CH
aro HabGmogenue.

Ecan ownbkn HaGmoacHnit CKOPPE/IMpOBaKbl, TO BMECTO
wrpaduoil byukuuu (8) ucnonsayercs dynxuus Gonee o6-
mero BMaa

f(y) = ¥'Qy, © (@3

rae Q' — marpuua kopapuaumu ownbox Habnonenns —
CHMMETPHUHAS TIOJ0XKHTEABHO OMPEICACHHAs MAaTpHUa pas-
MEPHOCTH n X n.

Wenoansopanne wrpaduoi dynxumn (32) osnavaer, uto
Ha muoroo6pasun Y wuieTcs HAMMEHEE YAANCHHAsS OT Havana
koopaunar Touka npu paccrosuun B E', wmamepsemom
HOPMOH

Iyll, = "ayn*, (33)

KOTOpas HAsmBAaCTCH amepzemuvecxkod nopmou. B pawnow
KHHMIE TAKOE NOJC3HOC A8 MHOrMX npuaoxcHui obfobwenune
METONA HAMMEHBIUIKMX KBaapaTtos He GyacT paccMaTpuMBaThCd.
OrpaHnuMMCs TOJBKO Cyyaem, Kormia Q — amaroHasibHas
MATPHLLA.

2. Becosnie kK0MpPHUUHEHTH! h, MOXKHO TAKXE MHTEpnpeE-
THPOBAThH KAK NOKA3aTEaH WHPOPMATHBHOCTH WAW LECHHOCTH
orneasabx Habmonenmit. He ofs3ateabHo n3-3a pasHOCTH B
TOUHOCTH MAMCPEHMI (KOTOPas K TOMY AC HC BCCraAa H3BCCT-
H4), HO ¥ N0 APYTHM NpHuMHaM uacto TpeGycrca npuaasath
fopiuee IHAYCHHE OOHMM HAGMIOZEHMSM M0 CPABHEHMIO C
apyrimu. Hanpumep, ccam Homepa Habmonenwi [ = T.n
COOTBETCTRYIOT OTAENbHHM MOMEHTAM BPEMEHH, YNOPAIOUCH-
HBIM MO BO3PACTAHWIO, @ HCKOMas (yHKuMS Y npeaHa3Haua-
eTCR JUIS NPOrHO3MPOBAHMS, TO ECTh PE3OH 3a7aBaTh Goapmme
JHavCHNS BecoBuM koadduuHenTam, Haxonsmmumes 6anxe k
KOHILY PaccMATPHBACMOND NEpUoaa.

1.4, ANMPOKCHMAUMA C HCNOJIb30OBAHHEM
INTPA®HbIX ®YHKLHH

HenocpencreennuM  obobuieHHeM METONd HAMMCHBLIMX

KBAAPATOB SBASCTCA BHGOP HaKIYUWICH ANNPOKCAMMPYIOWIEH,
bYHKLUMM TIYTCM MHHUMU3AUNK WTPAPHBIX DYHKUMI OT BEK-
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TOpa HEBA30K. B TaKOM C1yuae BEKTOP HEBH30K ONPENeNSeTcs
COOTHOICHHCM

y € Arg min f(y), (1)
YEY
rae f/ — Hekotopas wrpadHas dyHKuK.
COOTBETCTBEHHO BCKTOP NAPAMETPOB ANNPOKCHMHDYIOLUCH
(DYHKUMM MOXHO MPEACTABMTE KAK Pesyabtat GesyCcaoBHOR
MHHHMH3AUMH QYHKUMH

/(@) = £(¥(a)). 2)

Npyrumu  ciosamu, TtpeGyeMuiii BekTop KoahduuUMCHTOR
ONpPEeaeasieTcs COOTHOWEHHEM
o € Arg min [ (a). (3
Eﬂl

B xavectse wTpadHbIX MOTYT NPHUMEHSTHCH PA3NHYHBIC
byHKUMH, VIOBACTBOPAIOWME ONPEACACHHBIM YCAOBHAM, Bhbi-
TEKAWMM 13 cyuiecTsa npobaemul annpokcumauum, Tpexae
BCETO OTMETHM, uTO Kakas O wrpaduas GyvHKUNA HH HC-
NOJB30BANACH, CC MOXHO PACCMATPHBATL TQJIBKO KAK OOMH M3
BAPHAHTOB LIEJOND KJACCA PABHOCMABHEIX A1 3azaum (1)
wrpadbubix dyukumit. Las moboro sukHeiHoro Mroroobpasms
Y C E" sanava (1) Gyaer MMETh TO K€ CAMOE PELICHHE, ECTH
B Heilt Bmecto dynkumn f(y) HCMOAB3OBATH PYHKUHIO
®(f(y)), rne ® — mobas HENPEPHIBHAS MOHOTOHHO BO3P:-
cranowas PyHKUHA.

[TooTOMY HAC AOMKHB MHTEPCCOBATH HC TOABKO KOHKPCT-
Hbie hopMbl WTPADHBIX QYHKUMH, HO M MHAYLHPYEMBIC MMH
OTHOWIEHHS TNpeAnouTeHHs. Beeaem TpH OuHApHBIX OTHO-
wenns B B'x E": P — Gonee npeanouturenbHo, R — He
MEHEe MPeANOYTHTEABHO, L — PABHOCHABHO, ITH OTHOLICHHS
HHAYUMPYIOTCH hyHkumen f, echM OHM onpeiescHs no cae-
ayiowmm npasunam. Jas awobux X, y € B

ecan f(x) < f(v), 10 xPy; (4)
ecan f(x) = f(v), T0 XRY; (5
ecan f(x) = f(y), 10 XLy. (6)

V106CTBO HCNOAB30BAHMS OTHOUIEHHI NPEANOMTEHNA COCTOMT
B TOM, YTO OHH HMHBAPHAHTHH K MOHOTOMHbIM npeolpaso-
paHnaMm wrpadHux dyvexuni. Bee dyHEUMM, CRAIAHHBC
mexay cofoit TakuMu npeofpasoBAHMSAMM, 3AAI0T OAMH W
TOT %€ Ha00p OTHOMIEHMI NPEANOYTEHHS.

Jiwbomy y € E" coorsercTsyer muoxectro Goaee mpen-
MOMTHTEIBHEIX, HC MCHECE MPEANOUTHTENBHBIX H PABHOCH Ib-
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HHX BCKTOpPOB.

P(y) = {x € E", xPy); 0
R(y) = {x € E", xRy); (8)
L(y) = (x € E", xLy). (9

Huxe ofcyxnaorca BoamoxHbie ofmue tpeGoBanms K
wrpadHbiM GYHKUHAM W HHAYUMPYCMBIM MMH OTHOIICHHSM
NPEANOYTCHMUA, KOTOPHE MOrYT OHTh NOACIHB ANA LWIMPOKOTO
Knacca sajaud EHHDBKCHMEILHH.

1. 3uavenue wrpaduoi (pyHKUMK O0AKHO BO3pACTaTh
NpH YBCAHYEHWH HEOTPHILATENBHON KOMIOHCHTH BEKTOPA He-
BA30K W NPH YMCHBIICHHW MOJOKHTEIbHOW KOMMOHCHThH BCK=-
topa uessaok. Jlas mobux y € B u j € (T, n} npn mcex
A > 0 gonxHbl BHNOAHATHECH CACAYIOLME YCIOBHA:
ccam y, 20, 10

Iy + 2e') > f(y); (10)
eciM y, < 0, o

f(x — Ae') > [(y). (1

3aecy @/ — j-it opt B npoctpancTee B

1o TpeboBaHNE MOKET MHTCPNPETHPOBATHCH C HEKOTOPOH
VCIOBHOCTBIO KaK Bo3dpactaumme wrpadHoii yHKUMH npH
VvBEeAHYCHMH a6CoTIOTHBIX 3HAMCHHIA KOMMOHCHT BEKTOPA HE-
BS30K. YCAOBHOCTh COCTOMT B TOM, YTO TAKAR MHTCPNPETAaLMS
HC TOUHA NMPH W3MCHCHHM 3HAKOB Y BEKTOPA HEBA3OK. 3aech
HE TIPEANOAAraeTcs CHMMETPHYHOCTE (YHKUMH f1 HC MCKII0-
yeno, 4To f(y) # f(—y). B HexoTophix 3aaauax acMMMETpHs
MOXeT OBITH ONPaBIAHHON, ECTH 334 HEBA3KH C OTHHM 3HAKOM
rpeGyercs wrpacdosatk B Gonkwel cTenent, YeM 33 HEBA3IKH
C APYTUM 3HAKOM.

OtMmeTiM, 4To B oToM TpeOOBAHMM HEHBHO 3AJ0XKCHO
VCI0BHE KOHCMHOCTH 3HAUCHHR (DYHKUMM / HA BCEM npocT-
pancree 2" 3a mcxmouenwem touku 0, rae dynxkuma f
MOXKET OBITH paBHA — o,

M3 chopmynnposannoro tTpeGopanusa caeayct, uro B £
MMCCTCH M CAMHCTBCHHAS TOMKA MHMHMMYMa dyHkumun f, Ko-
TOPHIM SBASCTCH HAMANO0 KOOpAMHAT: npu awbom vy # 0

f(y) >/(0). (12)

MMoatomy oTnagact Heo6XOAMMOCTh NOCTY/IHMPOBATL TaKOCL

TpeboBanue.

INpueenensoe TpeGopanue gBasiercs o606GWICHHEM B TOM
yneae Ha wecenapabenshbie wTpadubie DYHKUMH YCI0BHA M3
naparpaca 1.2.
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las wrpadusix dymkumii, YAOBNETBOPHIOIUMX BBCACHHO-
My 3neck TpeGosanmio, npu mwobom y € E" muoxecTsa R(y)
u P(y) cBASHEE W CcOfepXamme npu A06oM y # 0 sexrtop 0.

2. Manbie M3MCHEHMS MCXOIHBIX AaHHBIX OONXHH TpH-
BODHTE K MANHM W3MCHECHMAM pe3ynbTatoB. Hemnabexune
MOTPEWIHOCTH M3MCPEHMI M PACYETOR HC AOMKHHM CHIBHO
MECHATh PE3YJIbTATHI,

B onpenenennoit mepe noctmxenmio 3toro CBOMCTBA MO-
XKeT cnocobcTeoBaTh BBEACHME TPeboBaHMS HENPepPHBHOC-
TH — C YMCHBIUCHMCM DACCTOSHMS MEXAY ABYMs HaGopamu
MCXONHEX OaHHBIX NOMKHBI YMCHBINATBCH PACXOXKIACHHY B
NOyMaeMHX Mo HMM pesyasratax. Caeayer ormeruts, uto
TaKkoe TPeGOBAHME HE COBCEM TOMHO MEpeaaeT CyTh npobaemsi
M CAMO HyXnacTcs B yrouydenun. B xauectse yrounenus
MOKHO DacCMAaTPHBATh YC/IOBUE HENPEPHIBHOCTH IITPAdHbBIX
hyHKuH#H,

Ilna HenpepuBHBX wTpapueix dyukunit npu  mobom
y € [B" muoxecrsa R(y) n P(y) 3AMKHYTHI.

Baxumim nonkaaccom menpepuismbix byHkumi sBasOTCH
audppeperunpyemuie dynkumm, y KOTOpBLIX npu mobom 3Ha-
MCHMH aprymenta y € " mmeerca BekTop uacTHmix npo-
ussoaHux V/(y). Yorosue aubdepenunpyemoctn obaeruacr
asanus. [lns nuddepenunpyemoin byukumm f aas Bminos-
HCHHA TpPeOOBAHHA MOHOTOHHOCTH ( 10y, (11) mocrarouwo
BHTOIHEHNS CACAYIOUIErO yenoBMS: npu nwbom y € B

sign V, f(y) = sign Y, i=Tn (13)

Ycnosus wenpepwBHOcTH wirpadmoli byakunm wenocra-
TOYHO, MTOGM JOCTHYL HENPEPHIBHOCTH M3IMCHEHMS pelIeHus
samaum (1) ot wamenenwii auHeliHoro muoroobpasus Y. Ecau
MHOXCCTRO R(Y) HeBmnykaoe, To 3agaua (1) MOXET MMeTs
HECKOJIBKO H30AHpOBAHHMX peweHui. [pu >1oM BOZHMKaeT
OMacHOCTh B MOMYYCHHMM BMCCTO pelieHMs 3anaum (1) Touxw
JAOKATBHONO MHHUMYMa (DYHKUMH [ HA AWHEHHOM MHOTOOG-
pasun Y.

OTYacTH OT TAKMX HETATHBHHX MOMEHTOB MOXHO W3-
6asuThes BBEncHMEM TpeGoBanus BHITTYKJOCTH MHOXCCTBA
R(y) npn moGom y € [E". Ho npn 91oM coxpansercs Boamosx-
HOCTh "CKayKOOOPAIHOIrO" MIMCHCHMA PCLICHWS 3a1auM npu
MAABIX BapHaumax mHorooGpazns Y.

HenpepsisHocTs M3MeHenns pewenmit 3anaun (1) Oyaer
AOCTHTATBCA, ECIM MHOXECTBO R(Y) SRASETCS CTPOrO REINYK-
v npu mobom y € B, T.e. ecm npu mwobuix x, z € L(y)
TAKMX, uTO X #Z, aas moGoro A € (0, 1) Bexrtop
Ax + (1 = 2)z Gyaer naxomutscs B P(y).
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Bunykaocts R(Y) AOCTHracTes, cCad f — BHOyKIas
dyrxuns. Ecaiu xe f — CTpOro Bunykias dyHKuMa, TO NpH
nobom y € [E* mroxectso R(Y) GyaeT CTPOro BHMYKALM.

3ameuatwe B pesyastare HENPEPHIBHAX MOHO-
Tonmmx npeobpasosanuil BEMYKAAs QyHKUAS f MOXET CTaTh
HCBBIMYKJIOH, CTPOM0 BHNYKAad d:gmxmm MOXET NOTEPATE
TO CBOMCTBO, a Takxe MOXeT OHTh TNOTEPSHO CBOWHCTBO
nuddepeHunpyeMocTH.

Xorss nance csoficrsa wrpaduux hyHKumMi GynyT pac-
CMATPHBATHCA B TCPMHHAX BhIMYKJIOCTH, CTPOrON BHIMTYKJIOCTH
u andibepeHIMPYEMOCTH, MPEICTABASCTCS MOJICIHEM pas-
puTHe Gonee ODMIEr0 MOAXOAA, OCHOBAHHOTO HA CBOWCTBAX
muoxecte R(Y), P(y) n L(Y).

Crtporo BHOYKAHE audpbepenuupye-
Mue ¢yHEuuu Hecnoxno ybeanTsCs, TO paccMoT=
pennbiM TpeGoBanuaM YIOBACTROPAIOT RREJEHHLIE B naparpa-
de 1.3 pynxkuuu /) npu mobom h € Eg-

TMpumepom Gosee WHPOKOro Kiacca yHKUMI, YIOBRACTBO-
psiomux ycrnosusM (4)—(6), cayxaT pacCMOTPEHHEC B mna-
parpade 1.2 wrpadusic GyHKUHK BHAA

£2y) = 2 hlyly (14)
j=1
npu p > 1, h € E. Takne dyHKUMKH SBASIOTCS TAK XE, KAK
M npu p = 2, CTPONO BHMYKILIMH, UTO rapaHTHpPYET CAWH-
cTBeHHOCTh  BekTOpa  pewenns  3amaun (D). Ecau
rank G = m, TO rapauTHPYeTCs CAMHCTBCHHOCTR PCLICHHHA
sanaum (3). Tpu oTom dyHKUMS

() = £}(¥(®)) (15)

Gyner Takxe CTPoro Bmnykaoi. B ofem cayuae, B TOM
uncae npu rank G < m, hyHKUMS /' NPOCTO BRMYKAA.

llna peumeHus 3amaud Ge3yCNOBHOH MHHMMH3AUMH Bhi-
nyka0i auddepeHuMpyeMOi QYHKLHM MMCHOTCA abpexTHn-
nee anroputMul. [TosToMy B NMPHHIMNE BO3MOXHA annpo-
KCHMALHMS ¢ MCNOAb3oBaHMeM WTPapHEX (yHKLIH (14) na-
xenpu p # 2.

B pe3ayabTaTeé MOHOTOHHOINO npeobpasoraHng HYHKUHH
/) moayuaerca zeabdeposckas HoOpMa

phy) = (MY (16)

O yHKLHIO p: MOXHO HCNOAB3OBATh B KayecTse wrpadHoi,
YTO PABHOCHABHO WCIOJNB30OBAHMIO MCXOAHOM (yHKIMM f:.
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Monyuaemoe pewenne
y = arg min p’(y) (17)

YEY
FCOMETPHYCCKM MOXHO OXapakTepH3OBaTh KiAK HAMMEHEE
YAQACHHYIO OT Hauana KOOPAMHAT TOYKY MHOrooGpasus Y
MpH M3MEpeHUH pacctosumit B B ¢ nomommio wopmst p:.
Hennttit]}epeuuupyeuuc wTpadgHHe
byuxkuwumn [pu pemennn sanau ANMNPOKCMMALIHKH HADSI-
Ay € METOIOM HAMMCHBIIKX KBAAPATOB MHOMIA MCNOAb3YIOTCS
TAKXKC MCTOA HAWMEHBIIMX MOAYJAeH M uebwwcsckas an-
NpokCHMauus. B oTux cayuasx onTManeHme 3HAYCHHS Bek-
TOpa HEBA30K ONPEAEAHRIOTCH COOTHOWIEHHSAMM

Y € Argmin 3 h|y|; (18)
YEY jm=

y € Arg min [max h_|y1|, (19)
YEY ‘=15 B

O6a ati cnyvas MOXHO paccMaTpuBaTh Kak pacumMpeHune
npasuna (17) BKAKOUCHMEM B HErO ABYX KPaliMuX 3HAuCHMIL
CTeneHHoro koaduumucnra: p = 1 u p = w. OQyukumn

PiY) = D hlyl, (20)

=l

Byt

Pa(y) = maxhly|, 2n

SANAUNE OPTO3APHYECKYI0 M HeOBUICRCKYI0 HOPMM, B OT-

Anume ot ysKumnn o nipu p € (0, ) yxe He cTPOro BHmyK-
/ibl, @ MPOCTO BMNYKAse U He nuddepeHunpyemsi,

O6e sapauu (18), (19) comsTcs k 3ajavam AMHeHOrO
POrpAMMMPOBANMS, AN PELICHHS KOTOPBIX MMEIOTCHS -
(dexTHBHBE NporpaMmbl Ha IBM.

3anauy (18) MOXHO 3a CueT BBEICHHS ABYX JOMOTHHTENb-
HBIX BCKTOPOB-MIEPEMEHHHX X' W X~ NpeacTasuTs B BMIC
3anauM JHHEHHONO NPOrPAMMHPOBAHNA:

2 h(x" + X") = min (22)
=l
npH YCAOBHAX
Yy=x"+x =0; Gu-y=g"

x*>0: -x 0. 23)



il

Zanauy (19) MOXHO MPENCTABHTH B CCAYHOLICM BHAC:
@ -» min (24)

NpH YCAOBHAX
p—hy 20, p+hy 20, j=T1n; (25)

Go — y =g (26)

3nech ¢ — NONOAHMTENbHAS MCPEMEHHAN, paBHAs uelnimen-
CKOIl HOpME BEKTOpa ¥ A/ ONTHMAJBLHOIO PCLICHHA.

O6e 3zagaum (18), (19) MOryT MMETb HCEIAMHCTBEHHOC
ONTHMAJBHOE pemieHHe. B TakoM cayyae ecTh pe3oH noonpe-
NeNNTh 3a1auy, ¢ TeM YTo0s MPUIITH K OOHO3HAYHOMY BhIGO-
py pewennii. Tlpn atom addekTHBHOE MPHMECHEHHE MOTYT
HAWTH aATOPHTME ONTHMH3ALIWK, MPHBOASLWHE K OTHOCHTETh-
HO BHYTPCHHHM TOYKAM ONTHMA/JLHBIX PCIICHWI M paccmaT-
pusacmeie 8 pasa. 111 nanHoi KHUrH.

B uacTHOCTH, Ans peweHus 3anaun (24) —(26) npeacras-
ASIETCA MOJE3HBIM MCMOAL30BATH TAKyio npoueaypy. Hadaem
OTHOCHMTE/IBHO BHYTPEHHIOK TOYKY Y €€ ONTHMANbHBIX pe-
menui. 3aduKcupyeM Te MEPEMEHHBIE Y , IS KOTOPhIX HEpa-
BeHcTBa (25) BRNOJAHAIOTCS B BMAE paBeHCTBA. 3aTeMm Mos-
TopHO pewaem 3apauy (24)—(26) ¢ ocTaBWMMKCH MCPEMEH=-
MM, HallaemM OTHOCMTEABHO BHYTPCHHIOKW TOYKY ONTH-
ManbHbX pewicHuid. 3admKcHpyeM HA ONTHMAJIBHOM YPOBHC
MEPEMEHHBE ¥, NS KOTOPHIX HCPABCHCTBA BHIMONHIIOTCH B
Buae paseHcrea, M T.4. [Tockosnsky mocae Kaxaoro Takoro
nepexoaa WHCA0 OCTABMIMXCH mepemenHbix GyaeT coxpamars-
Csl, 4CpEe3 KOHCYHOC YHCIO MTEPAUME NPHICM K CHTYAalMH,
KOFa N8 BCCX OCTABLIMXCS MepemeHusix ycaosus (25) Gy-
AYT BHIMOAHATECA B BHIC PABCHCTBA.

Ecam dyHKumMS p] YNOBNETBOPSET NEPBOMY M3 PaccMOT-
pennbix Tpebosakmit, To GyHKIMS p!. HE YIOBAETBOPSET eMy,
#3-3a YEro MOTYT BOSHMKATH OTMCUCHHBIC B KOHUE naparpada
1.2 sdubexTsl HEONMPABJAHHONO PAaCHIMPEHHUS MHOXCECTBA pe-
wennit. OnucanHaga 3aeck Npoueaypa no3soascT noay4yath B
C/YYAE HEeHMHCTBEHHOCTH MMEHHO TaKOE pelieHHe, KOTOpoe
OTBEYAET BBEACHHOMY BHINIE MEPBOMY TPCOOBAHHIO.

LS. ANNPOKCHMALIHA
C MAPETO-MMHUMANBHBIMH HEBA3KAMH
H HEPACIUMPAEMbIM HABOPOM HYJIEEBIX HEBASOK

bonee ofwyM N0 CPABHEHWIO C PacCMATPHBABIUMMCH pa-
HEE MOAXOAOM K MOCTPOCHHIO ANMMPOKCHMHMpYoWeH dyHKuwH
Gyner BwfOp BCKTOPA MapaMETPOB a MYTEM PEUIEHHS MHO-
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TOKPHTEPHANLHOH 3anaum MuHMMu3aumm no [lapero abco-
JIOTHBIX 3HAYCHWH BCCX KOMMNOHEHT BCKTOPA HEBSIZ0K:

ly ()| = mi;; j=T1n. (1)
a g

ATy 3apauy MOXHO TAKXKE NPEACTABHTD B BHIC MHHHMH3ALMMN
A6COMOTHBIX 3HAYCHHH KOMMNOHEHT BCKTOPA ¥ HA JIHHEHHOM
MHOrooOpasum Y:

ly,| = min, j=Ta. (2)

YEY

MHOXECTBO NapeTo-onTHMAABHWX pelucHnii 3azaun (2)
obo3HaAYMM

R=[yEY:'|3FEY |3'r|=c|3.r|}. (3)

CooreercreenHo NapeTO-ONTHMANbHBIC pewenua 3azaum (1)
ofpaayioT MHOXECTBO

la € E™ y(a) € R). (4)

ITH MHOXCCTBA HenycTul. B 4acTHOCTH, MOXKHO AOKA3ATH
(CM. 1. 6), uTO NAPETO-ONTHMANBHBIC PELICHMYS 33NauM an-
NpoKcHMaumu GyayT noayYeHs nyTeM MHHHMHIALLIH BbIMTYK-
ABIX wrpaHbIX  DYHKUMA, YAOBAETBOPSIOWINX VCIIOBHAM
(4.100—4.11).

[TapeTo-onTuManbhbie annpokcuMauMy MoXHO noay4arsb
HE TOABLKO MYTCM MHHHMH3aUMKM WTPpadHEX GYHKLUMIE, HO U
Apyrumu anroputMamu. B wactHocTs, kak nokaszamo B . .
NapeTo-ONTHMANBHOK OYICT anNNPOKCHMALME ¢ MAKCHMATb-
HBIM HAGOPOM HYJICBBIX KOMMOHCHT BCKTOPA HEBH30K.

AnnpokcumMaums c MAKCHMAaAbHBNM
HHCAOM HYyNEeBH X HeBd30K B naparpade 1.2
K3K OQMH W3 BOIMOXHBIX myTeit BubOpa annpokcumupyoweil
(PYHKUMH pacCMATPHBANCH MOAXOA, OCHOBAHHKII HA TOM, 4YTO
subnpacMas (byHKUMA 10/KHA TOUHO BHPAXATL YECPE3 3HA-
HcHuA PakTopoB 3HAUCHME PE3YNBTHPYIOWICIO NOKA3ATENd B
HeKoTOphix Habmonenusx. [lns ogHodakTopHoi mMomean 310
MOXHO caenarsb, 6asMpysch Ha NAHHBIX OOHOrO HAGTONEHHS.
[as MHOroakTOPHON MOIEAM MOXHO A06HTHCS TOMHOMO pa-
BEHCTBA B HECKOMBKHX Habmionewwsx. Ecth pesow B mak-
CHMM3AUMK YHCAA TaKHX HabnopeHwmit.

BekTopn HEBS30K TAKMX pEmICHMIT COCTABARIOT MHOXECT-
BO

B={yeY:]3§eY IF ciy) (5)

lns HAXOXNEHMS ITHX PEWIEHHH MOXHO HMCHOTbIOBATH
NpOLCAYPH TMOCAEAOBATENBHONO PACIUMPEHHS CHCTEM ypas-
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Henuil. PeuicHns ¢ MakcuManbHuM HabopoM HY/NCBBIX HEBR-
30K MOXHO MOJAYYWMTH TAKAKEC B PE3YALTATC MMHHMM3IAUMH
B3BCLICHHON CYMMBl MOAYJCH HCBH30K. A WMCHHO, cnpa-
BEATHBE CACAYIOWNE YTBCPARACHHS.

Mpu. mobux Habopax secoswx koadppuumnentos h > 0,
j=T1,n, cpean MHOXECTBA ONTHMANBHHIX PEWICHWH 3anauM
(4.18) 6yayr pewenns us B. HaoGopor, aas awGoro sexTopa
w3 B moxuo nopobpate naGop secosnix kKoappuumeHTOB
h >0 /= T, 7, npt KOTOpeX aanwuiii BekTOp Gyser pe-
3yAbTATOM peweHns 3anaun (4.18).

1.6. ATIMPOKCHMALIME HEJITMHEHHBIMH O YHKLIHAMH

Bo muorsx cayuasx A1s ONMCAHMS 30BHCAMOCTH PC3yab-
THPYIOWIETO NMOKA3ATEAS OT NOKa3aTeaeii-hakTopos paccmor-
PEHHBIE BHIWE AMHEHHBIC QYHKLMH HE NMOAXOANT. M3 cywecr-
B G YACTO BHWTEKACT HCOOX0AMMOCTH MCNOAB30BAHMA HC-
MHMHEIHBIX 3aBUcHMOCTER. HO M B 2THX CAYUAAX HM3N0KCHHBIC
BRI moaxoaW Haxoast dddexkTurnoe npumenenwne, Ha-
MCTHM BKPATLE HCKOTOPHE W3 ACAEKTOR ANMPOKCHMAUMM
HCAHHCHHBIMH 30BMCHMOCTHAMM.

Cuauana chopmyanpyem npobaemy. Kak u pauee, 0603-

wauum j = 1, n womepa uabmoaeuuit. [lycrs BeKTOpH
g" € ", g € E" coctasniensl W3 3HAYCHNI PE3YAbTHPYIOLIC-
ro nmokasartens W nokasatenen-pakTopos i = [, m B OTOENB-

unix nabaonennax. HaGop anavennii nokasartesci-(hpakTopon
g Habmogcumm j ofpasyer BekTOp-CTpoky g € E .
j =1, n:

ByneM cunTaTh, MTO MCXOnHAs (PyHKUMS, HA OCHOBC KOTO-
poit embupaercs Tpelyemas annpoOKCMMMpPYIOWAs 3aBHCH-
MOCTh, mMmceT Bua (g, ). Ee anaueHue 3aBMCHT OT IBYX
BCKTOPOB: BCKTOp g € TEM COCTOMT M3 3HAUCHMH NOKA3aTC-
Acit-hak TOPOB, BCKTOP o0 — M3 3HAYCHMIL NapameTpos hyHK-
WM. ITH NAPAMETPH MOFYT BHOWPATHCS M3 HCKOTOPOIH 00-
aactu Q. B oranume oT paccMaTpUBABIIMXCS PAHEE CAydach
fyaeM CUMTATH, MTO MMCIO MAPAMETPOB MOXET HE COBMAAATH
¢ xonmuecTsoM nokasateneii-paxtopos. IMycrs Q € B npn
sekotopom ¢ = 1. Hanpumcep, npu HEKOTOpBIX annpokcu-
mMaumsax Tpebyercs, uTols MapaMeTphi ANMPOKCHMHUPYIOLICH
ynkumm Guan weorpuuarenshsl. Torma Q = EY.

O6aacTs 3HANECHHI NOKa3aTenen-QakTOpPOB TAKKE MOXKCT
BuTh yxke, uem vee npocrpanctso B . OGoanaumm oty 06-
aacte X. Ecrectsenno, uto BCe pe3yabtatel HabmopcHuM
MOKa3aTencit-pakTopos J0NXKHB YKAAABBATECH B 3Ty 00-
nacte, T.e. g € X, j = T, n.

38




[MpoGaemy annpokcumauun B obeM BHIE MOXHO cop-
MyAHpoBaTh caenywoumm obpasom. Tpebyercs smbpath 3Ha-
UecHHE mapameTpa o € Q, npu KoTOopoM Ans BCex Habo-
neuuit j = 1, n snauenne dynkumn y( g, &) 6bii0 Gut 6amsko

K 3HAUCHHUIO PE3YIBTHPYIOLICTO MOKa3aTeas:
Vg, @) =g, j=Tn (1)

B wactmoctH, oty npobaemy MoxHO paccMATpHUBATHL B
BHAC MHOPOKPHTCPHANBHOH 33044 MHHMMM3auuM abcontor-
HOIO 3HAYCHUA KOMIOHEHT BEKTOpPa HeBs30k y € [E", onpene-
JISEMOIO H3 COOTHOLIEHMIH

g =v@E® -y, j=Tn @)

Hpyrumu caosamu, B kauecrae TpeGyemoro BCKTOPA (& MOXHO
HCNOAL30BATH NAPCTO-ONTHMANBHBIC PELICHHS MHOTOKpPHTE-
pPHANBLHOK 3aaaum
e (1] - -
Iy = lv@, @) -~ | »min, j=T,n. @3
a EQ)
Tak xe kak M npu AuHelHOH annpokcHMALMH, napero-
ONTHMANbHWMH peleHUaMHU 3anaun (3) GyayT pemcHus 3a-
nauu

J(y) = min 4)

npu ycnosuu (2). 3necs £ — wrpaduas dynkums or BCKTOPA
Herasok y € B, ynosnersopaiowas M3ioKeHHEM B napar-
pade 1.4 ycaosuam. Takas 3amaua cCROIUTCS K MHHHMHIALUMH
(hyHKuMK OT BexTOpa (1

[ (@) = f(y(a), )
rae y(o) — BekTop-pyHKUHSE C KOMNOHEHTAMMU
Y(@) = y(@, o) — g, j=Tn (6)

Cnenosatensno, tpeGyemoe pewenue onpeaeasercs ycno-
BHCM

@ = arg min / (w). %))
e EQ

Hanpumep, B kauectse mrpacdHoil MOXHO MCOABL3OBATE
mobyo u3 dbyukumni

() = Zh(lyly @)

NpH 3aNaHHBIX CTeneHHoM koadbuumente p 2 | u BekTope
BeCOBBX koadduumentos h € Ei. Mockoabky B aaumom
cayuae GyHKUMH Y(8, ®) MOryr ObiTb HEAMHCHHBIMM, TO
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(hyuxums
/(@) = [(y()) 9

npu p = 2 Moxer He OuTh ksanpaTuunoi. [losTomy B BH-
YHCAHTENLHOM TMAAHE METOA HAMMCHBIDHX KBAAPATOBR MOXET
YHKC HC HMCTh NMPEHMYWICCTR. IlenecoobpasHo OLECHHTHL BO3-
MOXKHOCTH MCNoJb30BaHus Apyrux wrpadgueix dynkumn, s
tom uncae dpyukumit (8) npu p # 2.

JLns pemenus 3anaum (7) B 3aBMCUMOCTH OT OcOBCHHOCTCH
dbyukumun ¥ 1 obaactn Q MOryT HCMOAB30BATHCH PA3THUHBIC
ANTOPUTMBE ONTHMHK3ALUMM. Beiacaum OOMH M3 BO3MOXHBIX
nyTe# pewenns 3anaum (7) ans cayuas, korna y — avd-
depenunpyemas dynkumns. s ynpouwenus Gyaem cuMtath,
yro obnacrs Q cosnajsaetr ¢ npocrpancteom . B artom
CAYYAE MOXHO MCNOAb30BATH MTCPATHBHLIA npoucce yayu-
weHHs peweHus no popmyae

o= ot + 4B (10)

rac k — womep wrcpaumn. BexTop HANPaBACHHSA YAYUIWIEHHA
pewenus 3 onpeaeanm Kak peayabTar pewenmns sanaum (7)
¢ HCNOAB3OBAHHEM BMCCTO BCKTOp-byHKuUMM y(w) ¢C nMHe-
APH3OBAHHOND FHAUCHHUA B TOUKE ', T.€.

p* = arg min £ (y(a") + [Vy(e') l|13|. (1)
peE?

[Hlar yayvimieHus PpemieHUs ONPEAcAscTCH KaK pesyabTat
npuGAMKEHHOTO MM TOYHOrO PEUICHWS 3aMaun ONHOMEPHOH
ONTHMH3ALIHH

f(y(e* + ApY)) = min (12)

>0

npu ycaosuu, uro o + Ap* € Q. B pane cayuaes Takow
npouecc Gyaer AaBaTh NOCIEAOBATCABHOCTh BCKTOPOB o, cxo-
AMUIVIOCS K pewennio 3anaum (7).

Jror npouecc Oyaer PEKTHBCH B BHYHCIMTC/IBHOM
naawe, ecau BcnomoratenbHad 3amaua (11) HamHoro mpowe,
uem mexonnas. Takas CHTyauus MmeeT mecro, korna [ = [
npu Hekotopom h € 7, 1.e. xoraa uenesas GyHKuus sanaun
(11) keanpaTuusnas. B 5Tom cayuae sektop o' + B* aBaserca
pemwenueM 3agaun (4), NONYYEHHBIM MCTOAOM HAWMCHBLIMX
KBAAPATOB NPH AMHEAPH3OBAHHLIX B TOuKe o ycnosuax (2).

Mpeobpasosanmna Habarwaacmux no-
KasarTeae i Yacto B Kauecrse nokasarenei-pakTopos
npy annpokcumatuu GepyTes He caMi HalNKOAaCMBIC NOKA3a-
Tenu, a Hexkotopeie WX npeofpasosannd. XOTS Pe3yabT-
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PYIOIMIA MNOKA3aTEAb PACCMATPUBACTCH KAK  HCJAMHCHHAN
yHKuMa o HAGMOAAEMBIX, 10 OTHOWEHKID K nNpecolpasosaH-
HBIM TIOKa3atensM-akTopamM 3Ta 3aBHCHMOCTh MOXKCT OKa-
3aTHCA JTHHCHHOIM,

Hanpumep, npu onucanuy JIHHAMMYCCKMX NPOLLCCCOB Mac-
TO MCIOAL3VETCH MOJHHOMHMANLHAY (PYHKUMA OT BPEMCHM.
[Tycrs Mbl MMCEM AE10 € NONMHOMOM BTOPOH CTCNICHH:

Yo, f) = a, + at + at’ (13)

rae { — spemst. [lycth nokasateab g, 3HAUCHHC KOTOPOrO
annpokcumupyercs dyuxkumei (13), vabawoaactcs B MOMEHT
spemern 7 = 1, 2, ..., T. [Toaoxum

g =1, g=18=1 =TT (14)

Torna npobaeMa annpokcuMaumu Beauund g dysxumei
y(a, 1) npeofpadyeTcs B 3aaauy annpoKCHMAaUMK JAHHCHHOH
thyHKUMEH

y(o, g) = ag + ag + ag (15)

B orom npumepe u3 oaHoro Habawoaaemoro nokasaTens
NpH AHMHECHHOK ANNPOKCMMALMM MOAYYHAOCH HCCKOJBKO MO~
kasateaci-tpakTopos.

B ofwiem cayuae JaHHBIH NPUCM 03HAYACT, MTO OT BEKTO-
pa ucxoauwix nokasarencii g € B ¢ noMowsIO HEKOTOPOI
BEKTOP-hyHKUMK T MB npuxoanm Kk BekTopy r(g) € B Tpu
aToM (PYHKUMS

(e, r(8)) = ¥(a, 8) (16)

aBageTcs OMAMHCHHON OTHOCHTEALHO BCKTOPOB o M 1(g):

¥(e, 1(g)) = i ar(g). an

jm ]

Torpa wmcxoawas npodaeMma annpoKCHMALNM  3HAMCHMI gf
BEAMMMHAMM (&, §) CBOAMTCSH K ANMNPOKCHMAUMHK SHAUCHUSN-
MU AHHEHHON dynkuan (o, r(gf)}. IMonyuur w3 anHEHHOI
AnnpoKCHMALUMM BCKTOP ©f, MOXCM HCNOAL3OBATH €MO H B
HCXOAHOH HCAHHCAHON DyHKLMK .

MpeoGpaszosanmne byuxkuuin [lpug=m
B pesyabTate Hekoroporo npeobpasosanns P HeanHenHas
dyakuma (o, g) MOXET CTaTh AMHEHHON, T.c. OvaeT BMnona-
HATHCA PABEHCTRO

D(y(o, 8) = Z o, g (18)
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Ecan s10 x¢ npeobpasoBaHne NPHMEHATb K 3HAYEHHIO pe-
3YABTHPYIOWETD MOKA3aTeNns, T0 BMECTO MCXOOHOM 3anaun (1)
M npuaeM K npofaeme auHelHO# annpokcHMaunn — Bubo-
pa BEKTOPA o, NP KOTOPOM

D(g)) = D(y(x, g)), j=T n (19

ITOT NpUEM TaKXKe MHPOKO MCMOAB3YETCH, XOTH OH NPH-
MCHHM JA1E€KO HE BO Beex cayuasx. He scerna moxwo noao-
Opats npeobpaszosanne P, npu Kotopom GyACT BHNOAHATHLCS
pasencteo (18). Kpome T0ro, oHo a04XHO ObiTh Z0CTATOMHO
XOpOowWMUM (HATPHMEP, MOHOTOHHBLIM) M OTPAXaTh CYWECTBO
aena.

B nekoTopeix ciyuasx B Kauectse Takoro npeobpaso-
BAHMS HCTIOAB3YCTCH onepauuns norapudmuposanns. Hanpu-
Mep, OHa 3heKTHRHA NPH OLCHKC NAPAMETPOR MPOM3BOACT-
senHoi hynkunn Kodba—/dyraaca [10]. =

B IKOHOMHYCCEMX MCCACOOBAHHMAX YAaCTO HCﬂD.r‘!bS}’L"I‘CH
CACAYOWAS 3ABUCHMMOCTh 00BCMOB NPON3BOACTEA g:.’ (Ha j-m
NPpEANPHATHH HAH B j-H MOMEHT BPEMEHH) OT 3HAYCHHNH
hakTopor mpoussoaCTRa g, | = T, m:

g =1(g)" j=Tn. 20)

B kauecrsc (hakTOpOB MOryT BHICTYNATH CTOMMOCT b NpoM3Boa-
CTBCHHBIX (DOHAOB, YHCACHHOCTH PaloTalwmx M 0GbeMsl apy-
I'HX PEcypCos.

B pesyabTate norapudMHpOBAHHA NPABOH M 1CBOH Y4acTen
cooTHoweHus (20) noayunm

(1]

In {gf] = Z a(In g). (21)

=1

Mockoabky Bee dakTops M 00BEMBI NPOHM3BOACTBA HE MOTYT
NPHHUMATD OTPHUUATC/BHBIX 3HAYCHMH, B JAHHOM CAayuae
A0rapuPMHPOBAHUE BO3MOXHO,

B peasyawtare aroro npeobpasoraHus 0T MCXOAHOH npob-
ACMbl HEAMHEHHOW annpokcumaumu (20) Mbl nepewsan x
3agaue JAMHEHHOM annpokcumaumn (21) OTHOCHTEALHO n0-
rapupMoB MCXOAHBIX MOKA3ATEACH.

B kauccrse nOSCHEHMA OTMCTHM, MTO PCWICHHC 3aJd4H
(21), HanpuMep, METOIOM HAMMCHBIIHX KBAAPATOB HE DKBH-
BAJICHTHO PCUICHHIO TCM XC MCTOIOM HCXOAHOH 3azaun (20).
JICHCTBUTEABHO, CCAM NAPAMETPhI (1, BBIOMPAIOTCH NyTEM MM-

HHMH3AUHH PYHEUHK
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f(@)=>h |lng' - Y aing], (22)

i=1 =1

TO, CACIOBATEABHO, PCLIACTCH 3aaa4a

E h(y)’ = min (23)

Ju)

npu yCnoBHAX
y' = I1(g)" e’ (24)

i
rAc MOrPCIIHOCTH ANMNPOKCHMALIHM XaPAKTEPHU3YIOTCH 3HA-
yeHHAMH ¢, 3a6Ch 3TH MOrPeIUHOCTH YYHTHIBAIOTCA B BRIC
HE ANIMTHBHON, a MYJbTHIUIMKATHBHON coctamasiouweh. B
JNAHHOM CAYYAE B ITOM €CTh CMBICA.

CopmecTHOe npeobpaszoBpaHmne Mc-
XOAHMWMX NMokasateach B HoBswit Habop
mokaasarTene i Wuorna ncnoassyrorcs u Goace crox-
HbIC, YEM PACCMOTPCHHKIC panee, npeobpasoBanusd, NPy KOTO-
PHIX M3MCHSIOTCH 3HAUCHWA BCCX MOKA3ATCACH: M Pe3yJib-
THpywomero, ¥ Gakropos. Hanpumep, npu onucanuu am-
HAMMKHM NPOM3BOACTRA M NOTPeOACHMS NPOAYKUMH MHOrAA
NPUMEHSETCH d}%'HKu,Hil Toukeucta [10], B koTopoit oGbem
NPOM3BOACTBA § B MOMEHT BPEMCHH [ OnpeneaseTcs 3a-
BHCHMOCTBIO

D o l:“'1 (25}
& t+ a,

e o, o, — HCKOMBC NapamMcTpHl hyHKLHH.

B namHoM cayuae MOXHO BO3BecTH ofe uactu 3Toro pa-
BEHCTBA B CTencHs —1, B pe3yabTaTe uero nepelaeM K
JUHEHHON annpoKCHMAauMnK:

1
;? =pr+ P, (26)
B KOTOPOH HCKOMBIMH KoahduumenTaMmu OyayT BeanuUHHbI
| o,
E]I = E]" l]l = a‘t (27)

1
Onpenenwp, HanpuMep, METONOM HAHMEHBLIMX KBAaApaTOR
snauenwns [, w B, B 3anave annpokcumaunn (26), Moxem Ha

ocxose pasencts (27) moayunts Tpebyemeie koadduunenTn
o, u o,
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1.7. 3SAMEYAHHA

[lepebic nonwTki uerkoro oopmaeHHs paccMaTpuBaeMoil
NpoGaCMbl ACIANMCH MHOTHMM YMCHBIMM B CBA3H C 331a4aMM
obpaGorku acrpoHomuueckux wabmozenmit. CoraacHo cee-
Actmnam I.B. BarpatyHu, npuseaesHsIM B €ro BBOTHON CTATHE
K Knure [11], nepeas crporas moctamoska aToi npobacmm
Obina mana B 1755 r. MTAABSHCKHM ACTPOHOMOM W MaTe-
matukom bockosmuem. On cchopmyanposan ee 8 Buae 3anaum
MHHHMH3AUMKM CyMMBI MOAYACH. Takoit noaxoa akTusHo pas-
suBas B konue XVIII 8. Jlannac, KoToporo MHOMA HA3WBAKOT
NCPBOOTKPHIBATE/ICM MCTOAA MHHHMM3ALMN CYMMBI MOAY.ICH
OTKAOHCHHI. B uensx GopsObl ¢ SBHBIMH HCAOCTATKAMM METO-
Aa Jlanaac npeanaran JONOAHWTE €10 YCAOBHEM, YTO CYyMMa
OTKJIOHCHHH JIOJKHA PABHATHCH HYAK (ITO CRONHCTBO ABTO-
MATHYCCKH JOCTHraeTcH NpH HCNOALBIOBAHMHK METOAA HAH-
MCHBIINX KBAAPaTOR C OAMHAKOBBIMM BCCOBMMH  KOodhdu-
LHCHTAMM),

B 1794 r. cemuanuarunetunii Cayee npuwen MCTOaY
HAUMCHBIINX KBAAPATOB, NOJAATAs, HTO OH ODWCH3BCCTCH.
lMosaxee sror metoa Gun OTKPHT Hesasucumo Jlexkanapom,
KOTOpbii onyOaukosan ero B uweawei 8 1806 r, paGordé
“Hoewit MeTOn onpenenenus opbut naaner”. B 1809 r. 6uaa
onybaukoana pabora Iaycca mo Teopum aemkcHMs Hebec-
HBIX TEJ, IIC MPHBOAWACH METOX HAMMCHBIIMX KBAAPATOR, A
B 1821 r. peiuna ® ceet mropas crates Faycca [11] ¢ wano-
AHCHHEM MCTOOA NMPHMCHHUTCABHO K Tﬂl'lﬂl'pﬂli)HHL‘CHHM Jana-
YaM.

B o6emx paborax ayce npumMeHss BEPOATHOCTHRIE N0AXO
K OGOCHOBAHMIO MCTOAA HAMMCHBIIMX kepaapatoe. B nepsoii
CTATHE OH M3NATAA €r0 KaK cnocol OUEHKM napaMeTpoB no
KPHTCPHIO MAKCHMH3auMu npasaonoaofus r Hawein Tepmu-
Hosiorun. Bo BTopoit paBote, kpuTukys uaGpanunii uM pance
nyTh 00OCHOBAHNA W ONYGAMKOBAHHBIC K TOMY BPCMCHM MC-
cacpoanns Jlansaca no METoay HAMMCHBIIMX KBAJAPATOB HA
OCHOBE NpCcaciabHBMX BCPOATHOCTHBLIX NEpEXoaon, ["uyc;: npu-
B OGOCHOBAHME 3TOrO MeToaa B (POPME MHHMMM3ALMK IMC-
MCPCHM.

YMecTHo orMeTnTs, uto Fayce, ocoGenno Bo BTOpoit pado-
T, NOJUCPKMBAA IATKOCTh BEPOATHOCTHOTO MOAXOAA K METO-
Y HAMMEHBIIMX KBAAPATOB M LEACCOOOPAIHOCTH HCNOAB3IO-
BAHUSA “HHTYHTHBHOrO" ero ofocwoBanms ® hopme 3azaum
MUHHMH3AUMN WwTpadumx Gyukumit. B kauccTse BO3IMOXKHBIX
wrpadHbiX QYHKUME OH PACCMATPHBAN FEABACPOBCKHME HOP-
MBbl (B HAWICH TCPMHHOAOTHMH) € AKOBIMH HEAWMH YCTHBRIMMH
CTCMEHHBIMM  KOX(DDHUMCHTAMM, YKA3WBAY NPH ITOM, uTO
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BTOpas CTENEHb HMECT TIPEANOYTEHHE C BHUMMCITHTEIBHON
TOYKH 3PCHHA.

FeomeTpuueckas WHTEPNPETANHA METOZA HAHMEHBUIMX
KBAJPATOB KAK NMPOCUHMPOBAHMS HAYANA KOOPAMHAT HA NHHEH-
Hoe MHOroofpasme BOIMOXHBX 3HAUCHHMA BEKTOPA HEBAIOK
nana A. Koamoropossm [12]. Ona MOXET MCNOABL3OBATHCA,
KaK rnokasano s naparpade 1.3, He TONBKO NpH OAMHAKOBHIX,
HO M NPH Pa3HBIX 3HAUCHMSAX BECOBHX K0opduumenros. Ta-
KYI0 MHTEPTPETAUMIO MOXHO 0606mMTH M HA CYMaH HCMOAb-
30BaHMA N000# reabIepoBCKON M APYTHX HOPM.

0 BaXHOCTH NPaBUIBHOIO 3aAaHMS KAacca GyHKUHM A8
pubOpa ANNPOKCHMHMPYIOWEH 3ABMCHMOCTH CBHICTEABCTBYCT
rakoit caxt. Masectuniii actponom Tuxo Bpare npeanoues
FCOLICHTPHUECKYIO cHCTeMy cucTeme KonepHuka no npuymse,
yTo nepeas Gosce TOUHO YKAAALIBANACH B MMCBLIMCCH ACTPO-
HoMuueckue Habmozeuus. MoxHo noHsTh, nouemy Tuxo
Bpare npHiLes K 3TOMY BHIBOLY.

B cucteme KonepHmka, Kak M3BECTHO, BCC NMAAHCTHI JBHM-
KYTCA MO KPyropuiM opburtam BOKpYr Coanua. Tenepbp Mbi
JHAEM, YTO 3TO HE TAK: OHM JABMXYTCHS MO IJHICAM C
M3MEHSIOLIMMHCS CKOPOCTSMH COMIACHO 3AKOHAM, OTKPHITHIM
nosasee Kennepom, yuewnkom Tuxo bpare. Ecrectsenwo,
YTO H3-33 3TOrO AO/KHB OBITh 3HAMMTCAbHBIC PACXOXKIACHMS
Habalonaembix TpackTopuii ¢ pacuetHbiMu no Konepuuky. Ilo
reoueRTprudeckoi runorede CoNHIE H BCE NAAHCTH ABHAYTCS
BOKPYF 3€MAM M MPH 3TOM COBEPIUAKOT KPYroBble MEpEME-
LWIEHWS OTHOCHTENRHO cBoux oOwmx TpaexTopuit. [Ipuuem
AOMYCKAAMCh KPYTOBBIC PABHOMEPHBIC IBHXKEHHS BOKPYT ITHX
Kpyrosmx aswxewuit... [lo cytw aena, seeaennas 8 IV 8. 10
.9, EBIOKCOM M 3aTCM YCOBCPUICHCTBOBAHHAY MHOIMMM acT-
poHoMam#, B ToM wucac [lTosemeeM, CHCTCMA PABHOMEPHBIX
NBWKEHHI N0 OKPYXHOCTAM ObIa OYCHb CNOXKHOW annpo-
keumaumen pagom Oypse (B Hawehd TEPMMHOAOTHM) pealib-
HBIX TPACKTOPHM ABHXKEHWS MIAHET [13]. llpn 3apnanum reo-
LEHTPHYCCKON CHCTEMBI OBI0 MHOMO NapaMETPOB Aa4 swibopa
(HECKOIBKMX PANHYCOR M CKOPOCTEN I8 Kaxaoro HebecHoro
tena), Gaarogaps uemy ee MOXHO GBIO NpeacTasuTh anek-
paTHON HaGmoncHuamM. TOABKO B PE3yAbTATC BO3POCIUICH TOY-
noctH naGmoaenuit, Gnaronapa tomy k¢ Tuxo Bpare, crano
3AMETHO, YTO 9BHO OYCHb CJAOXKHBLIC FCOUCHTPHUCCKHE CHCTE-
MBI HCYAOBAETBOPUTEAbHBE. ITO M mpuseno Keniepa k BBe-
ACHHIO HOBBIX MPABHJ /1A OMHCAHWS TPAEKTOPHH ABHXCHHA
MAAHET, OKOHUYATEABHO 3AKPETMBIIMXCH MOCAC OTKPHITHS 3a-
KOHA BCEMMPHOTO TANOTEHHA.
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MOCTPOEHME U AHAJIM3 BAJIAHCOBBIX MOIEJIEN

[lpuBeneM npuMepHl NPUMEHEHHS METOJA HAHMEHBILINX
KBAApaTOB M KOHKYDHPYIOWIMX C HHMM MNOIXOROB B APYroi
ouyeHb 061K pHOM NPHKJIAAHBIX WCCNEI0BAHWE — MpH
NOCTPOCHHHM M AHAAM3E MOIENCH MOBEACHUN CHCTEM. 3mech
Oyayr paccMoTpens nBa Thna 3amay. Cwauana, B nepemwx
apyx naparpadax, ofpaTMMcs K MOAEASM C TPOTHBOpEYM-
BhiMH ycaosusmu. Bropoit knacc samau — mnowmck ponyc-
THMBIX PELUCHMIL, MAKCHMANBHO NPHUOIMAKCHHBIX K 3a0aHHBIM
HEAONYCTHMBIM pelueHnaM. B otanune ot npeasiayuwiero cny-
Hag B ITHX 3a0a4aX MOJEAH HMEKT MHOXCCTBO pPEIICHMI.
Lieas cocrout B BBibOpE M3 HUX.

XoTs 3TO 1Ba OYEHb PA3HBIX KAACCA 3a7ay, HO MEXIY
HHUMH MHOMO cxoxero. OnHUM M3 KIIOMERBIX MOMEHTOR TAKOM
AHAJIOTHH SBAYETCH OoTMevacmas B maparpade 2.3 Baaumo-
CBE3b ABYX (POPM 3aJaHMS AWHEHHONO MHOroOGpazua.

2.1. NOMCK NCEBAOPEILEHMA B MOIENAX
C NPOTHBOPEYHBLIMH YCIOBHAMH

PaccmoTpum npocreitinyio 6anrancosyio mMonens npouason-

CTBEHHOIT mearenbHocTH. [lycts i = T, m — nomepa rexmo-
nornueckux cnocobos; j = 1, n — Homepa ucnonsayemsix u
NPOM3BOAHMBIX PECYPCOB; gj — YOENbHBIE PACXOOB MM

BRIMYCKH  MPOAyKuMM; g —  Heobxomumme obmemn

NPOH3BOACTBA MK obbembr MMmeioumxcs pecypeos. Tpebyerca
ONpeAcAHTh BCKTOP HHTCHCHBHOCTH MCNOAL30BAHMA TCXHOMO-
rmueckux cnocobos o € [E™, npu koropom Benonxsorcs 6a-
JIAHCOBHC COOTHOWEHHS MO NPOM3BOACTBY M MOTpebAcHMIO
OTAEABHBIX BHAOB NMPOAYKLUH H PECYPCOB:

Ga = g°. (1)

3aece G — MaTpMua n X m ¢ KOMOOHEHTAMM g;8 —
BekTop M3 B ¢ koMnonenTaMu ﬁ, =T a

Ecam cncrema (1) necosmectHa, 1o ects peson smbuparts
TaKOWH HAGOP MHTEHCHBHOCTCH MCMOJIB30OBAHMA TEXHONOMM-
yeckux cnocobos, npu xoropom GyayT MMHMManbHe aucba-
naucel. Takum o6pasoM, NPUXOIHM K MATEMATHUCCKH TOMH Xe
npobaeme, uTo npuBeacHa B rA. 1@ MuHMMH3HpOBaTh abco-
JOTHHE 3HAYECHHS KOMTIOHEHT BEKTOPa AMcBanaHcon y:

y =g’ - Ga. (2)
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