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ITPOI'PAMMMWPOBAHUNUE I MATEMATUKA

1. BBeaenue

[Ipu paszpaboTKe IUCIEHHOI0 METO/Ia PEIIeHUsT HEKOTOPOIl 3a/1a4Un Hy?KHO UMETh B BU/LY, 9TO
MeTo/1 Oy/IeT peain30BaH B (popMe aJrOpuTMa, a 3aTeM porpamMMbl. KoHeuHbIM 3B€HOM 9TOM
TETIOYKY SBJISETCS NPO2PamMMa, 1 UMEHHO IIpOrpaMMa XapaKTepu3yeT KadecTBO TENOYKU B
1IEJIOM.

OOBIYHO CYIIECTBYET HECKOJIBKO CIIOCOOOB PEIIeHnsI IIOCTaBIeHHOI 3a1aau. KaxK apIii ciro-
cob peasnusyercd cBoeil mnmporpammoii. Kaxk KOHEUHBIN NMPOJAYKT, IporpaMma MOXKET OBITb
MIPUMHUTUBHON WJIM W3ANIHON, KpacuBoil. K coxKajenuio, moHsaTne «KpacuBas MporpamMMas
e dopmaauzyerca. K HeOOXOMUMBIM YCJIOBUSAM JIJIsI COCTAB/ICHUsST TAKON ITPOrpaMMBbl CJie-
JIyeT OTHECTH CTpeMJICHNEe K MUHUMMA3AIUNA KOJIMIECTBa ONepaliii ¥ UCIOJIL3yeMOU ITaMATH.
DTOro MOXKHO JOCTHYBL C ITOMOINBI0 MaTeMaTHIECKHX IPUEMOB. B olpeie/IéeHHOM CMBICTIE,
TOPOWLGA NPOPAMME OCHOBAHA Ha Topowetl mamemamure. [IpuBeséM Tpu XapaKTepPHLIX
IIpuMepa.

IIpumep 1. Boruncauts cymmy

R (—1)+k=D/2
S =2, k! ’
k=1

rje k!! (1BoitHol hbakTOpHA) — 9TO NPOU3BEIEHIE HATYPAJIbHBIX YUCE, HE TIPEBOCXOJISIIIIX
k ¥ UMEIoNuX OJMHAKOBYIO C k YETHOCTD, T. €.

@Em)'=2-4...(2m), @Cm+1"=1-3-5...2m+1).

O6osnaunm by, = k(k—1)/2, cp = k!, aj, = (—=1)% /¢y Torna S,, = >7_; ax. B nupunuurne,
MOYKHO HE3aBUCHMO BBIMHUCJIUTHL BCE Q) U, CJIOXKUB MX, MOJIY4IUTh S,. [Iporpamma, peanuzy-
olasg Takoi crocod, Oy/ieT TpUMHUTUBHOM. YTOOBI HalMCaTh KPACUBYIO ITPOrpaMMy, OyJieM
JIeICTBOBATH MHAYE.

Ormernm, 91O by, — bp_o = 2k — 3. DTO UIPUBOJUT K PEKYPPEHTHOMY COOTHOIIEHUIO JIJIsT
nocsenosaresbHoctu {by }:

bk:bk_2+(2k’—3),k:2,3,...; bozblzo.

MeHee TpUBHAJIBHBIM SIBJISIETCSI DEKYPPEHTHOE COOTHOIIEHHE Jist {cy }:

Ck:ka,Q,k:2,3,...; 60261:1.
Teneps numeem
B (_1)bk B (_1)bk,2+(2k73) B 1
ap = c = ka_2 — kak—27
TaK 49TO
&k:—&kfg/k,kZQ,B,...; aoz&lzl.



DTO COOTHOIIEHNE TTOJIOKUM B OCHOBY IPOTPAMMBI:

a:=1;,al :=1; s:=1;
for k := 2 to n do begin
a2 :=al; al := q;
a:=—a2/k; s:=s+a
end

[Tocsie paboThl porpamMMbl s = S,,. B ddeiike a HaxoauTCsd TEKyIee 3HaYeHUE Gy, B sTIeKax
al,a2 — 3HaYEHUHA ap_1,0_o. 1abia. 1 jaer mpejicTaBieHne 00 MU3MEHEHUH COJIEPXKUMOIO
sgJeek a,al, a2 B nuke 1o k.

Tabmuma 1
k| a al a2
1 aq Qo -
2 las ag
3 as (05} aq

n ap Ap—1 QAp—2

IIpumep 2. BoramcennTs 3HaUeHne mpous3BoaHON n-ro nopsaka dyukmun f(x) = sin(x)/x
B Touke x # 0.

B omtmame oT mpeapayIiero npuMepa y Hac HeT sSBHOW (hopMysibl st f () (x). Ograko
6e3 sroro Moxkno oboiituck. [locaemoBarenbuo auddepennupys, moIydaem

zf(x) = sin(x), f(z) +xf(x) = [sin(z)],
2f(x) + xf"(x) = [sin(x)]", 3f"(x) + xf"(x) = [sin(x)]"”, ...,
nfe D (x) 4+ xf0 (2) = [sin(z)]™.
[Tpuxo UM K PeKyppPeHTHOMY COOTHOIIEHHUIO 110 HOMepY IPOU3BOJIHOIL:
FO (@) = (sin(@)]® = kfED(@)) fr, k=1,2,...,n;
f(o)(x) = sin(z)/x.
B cBoro ouepenn sesmmanna py = [sin(x)]*) yrosrersopser peKyppenTHOMY COOTHOIMIEHHIO
D= —Pr_o2, k=1,2,...,n; p_1 = —cos(x), po = sin(z).
VkazaHHble cooOpazKeHusl IPUBOJAT K cJiejytomeil adpdeKTHoil mporpamMme:

p:=sin(x); pl := —cos(x); fn :=p/z;
for £ := 1 ton do begin
p2:=pl; pl:=p; p:= —p2;
fr=p—kxfn)/z

end

Iocite paGorer mporpammer fn = £ (z).



ITpumep 3. 3aznams! n BemecTBenubx qucen all],al2],.. ., a[n]. Beraucaurs

IIpr AO0IIOJITHUTE/IbHOM YCJIOBHUH: KazKI0€ a[l] MOZKHO BLISBIBaTb TOJIBKO OJMWH pPa3.

Ecnn ne obpamars BHUMAHUS Ha JIOTOJHUTEIHHOE YCJIOBUE, TO 3a/1a9a PEIIAaeTCsA IPOCTO.
JleficTBuTe/ IbHO, 0603HAYNM

Breruncius mocje 10BaTe/JIbHO CyMMbI

S11, S12, S13, .. S1,n—1, S1n,
522, 823, ... S2.n—1, Son,

Spn—1,n—1, Sn—1n,

Snn

" HailJg cpeay HUX HAMOOJIBIINYIO, MOJYYHM p,. /lonosnuresnHoe ycjaoBue CyIeCTBEHHO
YCJIOXKHSET 3aja4dy. bojiee TOro, He coBceM MOHATHO, KaK IMOJICTYIUThCA K €€ perrennio. Ha
IIOMOIIb TPUXOJAT PEKYPPEHTHbIE MOTHUBHI.

[Tomoxkmm
b = 1<£n<a?§<k3z‘jy qr = 1r<nza§lcsm
OueBuiHO, 9TO
pr = max{pr_1,q}, k=2,3,...,n; p; =all]. (1.1)
[TockoJibKy
Gk = Max{S1k, Sok, - - - » Sk—1,k» Skk} =
= max{a[l] + a[2] + ... + a[k — 1] + a[k],
al2] + ...+ alk — 1] + alk],
alk — 1] + alk],
0+ alk]} =
= alk] + max{gx_1,0},
TO

qr = alk] + max{0,qx—1}, k=2,3,...,n; ¢ = all]. (1.2)

Cucrema pekyppeHTHBIX cooTroreruii (1.1), (1.2) mo3Bossier 3anmcaTh PeKyIo O Kpa-
COTE IPOrPaMMY:
p:=all]; ¢:=p;
for k := 2 to n do begin
if ¢ < 0 then ¢ := 0;

q:=alk] +q;
if p < ¢ then p := ¢;
end



[Tocie paboThl IporpaMMbl p = p,. BumHo, aro kaxkoe a[k| Bb3biBaeTCst TOIBKO OfuH pas!

Bo Bcex Tpéx nmpumepax Jijisi COCTaBJAEHUS ITPOJIBUHYTOM IIPOrPaMMBbl UCIIOJIE30BAJIACH Pe-
KYpPPEHTHBbIE COOTHOIIEeHMsI. Taknue COOTHOIIEHHUsI He BCErya JiesKaT Ha MOBEPXHOCTU, U JIJIs
X OOHApY:KeHUsi TpedyeTcst Olpe e ICHHBIN onbIT. BMecTe ¢ TeMm, B 0b/lacTt peKypPPEeHTHBIX
BBIYUCJICHUIT CYIIECTBYIOT BIIOJIHE PEryJIgpHBbIC MPUEMBI, KOTOPbIE MPUMEHAIOTCS INPH Pe-
IIEHNN CYIIECTBEHHO PA3HBIX IO cojep:KaHuio 3ajad. OJIHNM 13 TaKUX MPUEMOB sSIBJISIETCS
cxema Kirenmoy. DTa 3ameuaresbHas cxema, npejjoxkennas 50 jieT Ha3aJ|, HE OTHOCHTCS
OJTHAKO K YUCJIY IIHPOKO U3BECTHBIX.

2. Cxema Kuenmioy

2.1. Paccmorpum asnrebpanydeckuii MOJIMHOM BHJIA
1 n
P(z) = 5al0] + > alk]Ti(x),
k=1

rae Ty(z) — nosuuaombr YeObInéBa, onpee/seMble PEKYPPEHTHBIM COOTHOIIEHUEM
Ti(x) = 22Ty (x) — Tp—o(z), k=2,3,...; To(z) =1, Ti(z) =x. (2.1)

[TocraBum 3a/1a4y: BEIMUCIUTH 3HadeHne P(x) B GUKCHPOBAHHOI TOYKE .
[IpuMuTHBHYIO IPOrpaMMy, PEIIAIONIyIo 9Ty 3a/ady, MOKHO 3allICATh CPa3y.

p:=0.5%a0] + z * a[l];

t:=xa;tl :=1; c:=2xuz;

for k := 2 ton do begin
t2 :=11; t1 :=t;

t:=cxtl —t2;
p=p+tx*alk]
end

[Tocie paborsl nporpaMmbl p = P(z). B nporpamme ucnosbsyercsa 2n + 1 yMHOXKeHUi
2n — 1 cnoxeHunii.

Kuenmoy B pabore |1] mpemmoxun apyroit MeToJ| perernst, KOTOPBIi IPUBOUT K PO~
rpamme ¢ n + 2 ymuoxenusmu u 2n + 1 ciaoxenuamu. Unea Kienrmoy 3akimodaercs B cie-

JTYTOIIEM.
BBesiéM peKyppeHTHYIO TOCIeI0BATEILHOCTD { by }, MCX0/s U3 ycioBuii

a[k] = bk — 2$bk+1 + bk+27 k= n,n— 1, Ce ,O, bn+2 = bn+1 =0. (22)
Takyro 1mocse/[0BaTeIbHOCTD IIOCTPOUTD MOYKHO:
but1 =0, b, =aln]; b = alk] + 20bg1 — bgyo, k=n—1,n—2,...,0. (2.3)

O6osnamm P(7) = P(x) + a[0], t; = Ty(x) u sammmen

p(l’) = Z &[k]tk = Z(bk — 2$bk+1 + karQ)tk =
k=0 k=0
n n+1 n+2
= Z bktk — 2x Z bktkfl + Z bktk,Q =
k=0 k=1 k=2

= boto + bltl — Q.Tblto + Z bk(tk — 233'15]{71 + tkfg).
k=2



Cornacuo (2.1) mocsieniHsist CyMMa paBHA HYJTIO, TOITOMY
]5(33') = boto + bl(tl — Ql'to) = bo — Jl'bl.

Teneps umeem

~ 1 1 1

MpbI npuiim K 3aMedaresibHOi (hopmyiie
1

OHa MoKa3bIBAET, YTO B OCHOBY BBIUUC/IeHUsI 3HAUYeHUsT P () MOXKHO MOJIOXKUTH PEKYPPEHT-
Hoe coorHotenue (2.3). TIpuBeéM COOTBETCTBYIONLYIO IPOIPAMMY:

b:=aln]; bl :==0; c:=2xux;
for k :=n — 1 downto 0 do begin

b2 :=01; b1 = b;
b:= alk] 4+ c* bl — b2
end;

p:=0.5x%(b—0b2)

[Toce paborsl mporpammbl p = P(x). B saeiike b maxoaurest Tekyiee 3HadeHue by, B saeii-
kax bl, b2 — 3navuenus by, brro. Kak u Ob110 0Oemano, B mporpaMMe UCHOJIb3yeTcd 1 + 2
YMHOXKeHUd U 2n + 1 ciioxkeHund.

[Tpuém Knenmoy 3ameTHo yMeHbITIAET KOTUIECTBO YMHOXKeHU. CyTh 3TOro npuéma coc-
TaBJsier pasyoxkenue (2.2) kosabdurmenTos alk|, B KOTOpOM mpaBast 4acTb COOTBETCTBYET
OJTHOPOJTHO# (hOpMe PEKYypPPEHTHOTO cooTHOImeHnst (2.1).

2.2. Beranewm Ha 6oJtee 0011y1o ToUKy 3perus. OHa MOMOYKET HaM BBISIBUTH JOMOTHUTETbHBIE
BO3MOXKHOCTHU cxeMbl KiteHrmoy.
[IycTh nMeeTcst CKaJISIPHBIN TMHAMUYECKUI TTPOIECcC

Vi = CxUk—1 + dkvk_g, k= 1, 2, o, n, (24)

C 33JTAHHBIMI HAYAJIbHBIMY 3HAYCHUSIMHI Vg, U_1. OIpeIesIuM CTOUMOCTD TPACKTOPHUH JTHHE -
Hoit (pyHkImeit

n
P = Z QU .
k=1

Tpebdyercsa BorancgnTb P Kak GPYHKIMIO HAYAIbHBIX 3HAYECHUNH Vg, U_1.
Bocnosbsyemest ujeeit Kientoy. Beegém aucsioByto nocieoBaresbHoctb {by}, uexos
U3 yCJIOBUAN

Q. = bk — Ck+1bk+1 — dk+2bk+2, k= n,n— 1, ceey 1; bn+2 = bn+1 =0. (25)
TaKyIO IIocJje 10BaTe/JIbHOCTL ITIOCTPOUTL MO2KHO:
bn = Qp, bn—l =ap_1+ Cnbrw
(2.6)

br = ag + Cryr1bpr1 + dii2bpye, k=n—2n—-3,... 1

5



Ha ocnoBanun (2.5) 3amumem

n

P = > (b — coprbrr1 — digobiro)vp =
k=1
n+1 n—+2

n
= Z kak — Z bkaUk_1 — Z bkzdkzvkz—Q =
k=1 k=2 k=3

n

= bivy + bavy — bacovy + Z b (vk — CcrUk—1 — dpVg_2).
k=3

B cuy (2.4) nocesis cyMMa paBHaA HYJIIO. SHAYWT,

P = blvl + bQ(UQ — 021)1) = blvl + bgdgvo =
= b1 (011)0 + dlv_l) + bgdgvo = (b101 + bgdg)vo + bldﬂ)_l.
Ecan monoxkurs ay = 0 w pacmmpuTh pekyppenTHoe coorHomernue (2.6) mo k = 0, To

TIOJIy YUM

P = boUO + bldlv_l.
[IpuBeiém Ha 11CeBIOSI3BIKE IPOIPAMMY BhIYUCIEHUs P Kak pyHKIUN ITapaMeTPoB vy, U_1:
ap :=0; bl := a,;

b:=a,_1+ c, *xbl;
for k :=n — 2 downto 0 do begin

b2 :=b1; b1 = b;
b:=ay + cpi1 *x bl + dpiox b2
end;

pi=bxvy+ bl xdy xv_4

Buanm, aTo nsmeHeHne HadaIbHBIX 3HAYEHUI Vg, U_1 IOBJIMSIET TOJBKO Ha IIOCIEIHIOI CTPO-
Ky IIPOI'PaMMBI.

Kosdpdunuentsr ag, cg, dr, MOryT ObITH 3ajlaHbl SIBHO B BHJE HPOCTON (hOPMYJIbI WJIH,
B CBOIO 0Yepejlb, VAOBIECTBOPATH HEKOTOPHIM PEKYPPEHTHBIM COOTHOIIEHUSM. JTO CJIE/LyeT
YUUTBHIBATH IIPU COCTABIEHNN OKOHYATE/JIHHOTO BAPUAHTA IIPOIPAMMBI.

3. Anropurm I'épnesis

Bamerka Kienmoy [1| 6buta omybsukosana B 1955 romy. B 1958 romy [épuens mpeyio-
JKIJT OBICTPBIN AJITOPUTM BBIMHUC/IEHUsT OJIHOW KOMIIOHEHTBHI JUCKPETHOTO ITPeodpa30BaHUST
Dypre [2]. B 9roM paszese Mbl OKazKeM, 9TO aaropuT™ [€priesist sBisieTcst OJ[HON U3 pea-
JI3anuil cxeMbl KiteHtnoy.

Hanomunwm, uro muckpernoe npeodbpazosanue Oypbe onpeessercs hopMysioit

n—1
Xp=> wuw,¥ k=0,1,....n—1. (3.1)
=0
B1ech w, = exp(2mi/n), Tak 9To
ki (27Tk;j> . <27Tkj>
w,” =cos| —= | —isin | ——].
n n

6



Pacemorpum 3amaay Beraucienust Xy npu gukcuposariiom k 1o 3aJaHHBIM Lo, L1, . . ., Lp_1
(BOODIIIE TOBOPSI, KOMILICKCHBIM ).
Obosnaunm ¢ = 2wk/n, ¢; = cos(jy), s; = sin(jy). Torma dopmyny (3.1) MoxKHO

IIepernunucarb Tak:
n—1

n—1
Xk :JZ'O—FZJZ'J'C]' —ZZJZ'J'S]'. (32)
Jj=1 Jj=1
,H‘JIH OMTHOBPEMEHHOI'O BBIYUC/ICHUA CYMM
n—1 n—1
A =D wicj, Be=) s
j=1 j=1

Bocnob3yemcs ujeeir Kienmoy. /Iag sroro 3amerum, uro ipu 7 = 1,2, ...

¢j + cj_g = 2cos(p)c;_1, S; + 8j_2 = 2cos(p)s;_1,

co =1, c_1 = cos(p); so =0, s_1 = —sin(y).

Taknm obpasom, nocsegoBaresnsroctu {¢;} u {s;} yIOBIETBOPAIOT OJHOMY U TOMY YK€ pe-
KyPPEHTHOMY COOTHOIIIEHUIO
vj = 2cos(p)vj_1 — vj_2, (3.3)

HO Pa3HBIM HadaJbHbIM ycroBuaM. Popmysa (3.3) coorsercrsyer (2.4) mpu ¢; = 2cos(p),
d; = —1. [Ij1s1 BBIYUCIIEHNS CyMMBI

n—1
P =%
=1

BBeJIEM I10C/IeI0BaTeIbHOCTD {b;}, MCxos U3 yCIoBuUit

l‘j:bj—QCOS((,O)bj+1+bj+2, j:n—l, n—2, ,]_, bn+1 :bn:O

31ech
bn = 07 bn—l = Tn—1,
(3.4)

bj =T +2COS(Q0)bj+1 _bj+2, j :n—2, TL—3, ,1

Torna, Kak mokazaHo B II. 2.2,
P = (b101 + bgdg)vo + b1d1U_1 = (2 COS((,O)bl — bg)UO — bﬂ)_l.
B wactHoctu,
Ay, = (2cos(p)by — by) — by cos(p) = by cos(p) — b, By, = by sin(y).

Benovunas (3.2), mpuxouM K OKOHYATETHLHOMY [TPE/ICTABICHIIO

Xy = o+ Ap — By, = xo — by + bi(cos(p) — isin(yp)). (3.5)

Boraucsienne Xy no dopmyie (3.5) HasbiBaercst aszopummom [épueas. Mbl mosydaum
9TOT aJITOPUTM C IIOMOIIBIO cxeMbl KiieHIoy.



OcCHOBHBIM 3JIeMeHTOM aJiropurMma ['€priesist siByisieTcst BeIaucaeHne KoapOUImenTos by, by
o dopmyie (3.4). Sanuimem mporpamMMy BBIMHCICHHs YKa3aHHBIX KO3(bDMUIMEHTOB:

b:=ux,_1; bl :=0;
a:=2xcos(2xmx*k/n);
for j :=n — 2 downto 1 do begin

b2 :=b1; b1 = b;
b:=x;+axbl—0b2
end

[Tocsie pabors! nporpammbl b = by, bl = by. B nporpamme ucrosib3yercs n — 2 YMHOKEHUS
HAa, BEIECTBEHHOE IHUCIIO @, 2(n — 2) CJI0KEHUs U JIUIIH OWH Pa3 BBIIUC/ISETCS TPUTOHOMET-
puvecKast QyHKITs!

4. PeimeHue cucTteMbl JIMHEWHBIX YPaBHEHUI C TPEXAMaroHaJibHOM
MaTpuIlen

PaccMoTpuM cucTeMy JIMHEHHBIX ypaBHEHMI
qrTr—1 +pkl‘k + Tky1 = fka k= 1727 - N,

(4.1)
To=¢C, Tpy1 =d.

B ornmane or (2.4) coornorenus (4.1) ABIAIOTCS HEOJHOPOTHLIME, & BMECTO HAYAIBHBIX
YCJIOBHIA 3a/1aHbI KpaeBble yCaoBus. TeM He Meree, Jyist perienus cucteMsl (4.1) monbiraemcs
npuMennTh cxemy Korenmoy. Beegém «cromMocTs TpaekTopums

n+1
P =" apxy,
k=1
e a; = ay = ... = a, = 0, a,.1 = 1. CobcrBenno, pemanna P #Ham m3pectHa, P = d.

[Ipuém Kienmoy mobyzkmaeT HAC BBECTH CIIEIIUAJILHOE IIPEJICTaBICHUE JIJI M3BECTHBIX KO-
3 PUIIEHTOB ay,.
[Mocrpoum mocsieoBaTeabHOCTE {by }, ucxossa u3 yciosuii

ar = Qrp1besr +prbr +bp—1, k=n+1,n,...,1;  bpyo = bpy1 = 0. (4.2)
TakyIo MOCIIeI0BATEIBHOCTD TOCTPOUTE MOKHO:
bn - 17 bn—l = —Pn; bk:—l = _pkbk - Qk-i-lbk-i-la k=n— 17” - 27 R L.

Cormacuo (4.2) u (4.1)

n+1
P = Z(Qk+1bk+1 + prbr, + br_1) ) =
k=1
n+2 n+1 n
= > bugrxio1 + > beppxi + Y bpTp =
k=2 k=1 k=0

= b1p1$1 + bol‘l + blIQ + Z bk;fk
k=2



[TockosbKy p1x1 4+ 22 = f1 — q1xg, TO

P = boxy + by (f1 — quwo) + > befe = boxr — biuwo + Y bi f-

k=2 k=1

3HagwuT,
bory = d + biqic — Z bi fr- (4.3)
k=1

Dra dopmyna asisercs ciaeacrsueM (4.1). B wactaoctu, ecin by = 0, a npasas dactb (4.3)
OTJIMIHA OT HyJisl, TO cucTeMa (4.1) He MMeeT pereHus.
[Ipeamonoxum, aro by # 0. Torma

T = (d + blqlc - kzn:l bkfk)/bo

Ha ocuoBanuu (4.1) 110 U3BECTHBIM g, £1 MOCJIEI0OBATEILHO HANIEM Lo, X3, . . ., Tp.
BammieM mporpaMMy, peajn3yonryio OMNCAHHBIA MeTO/| perenus cucreMer (4.1):

b:=—py; bl :=1; s:= f;
for £k :=n — 1 downto 1 do begin

s:=5+0bx* fi;

b2 := bl; bl := b,

b:=—bl *xp, — b2 % qy1
end,;

z[0] :=¢; z[l] == (d+c*xbl*q — s)/b;
for k:=1ton—1do

zlk + 1] := fi — pr * z[k] — qu * z[k — 1];
zin+1]:=d

[Tocse paborer iporpaMmbl B Maccuse z[0..n+ 1] 6yaer HaxomquThes pernerne cucteMsr (4.1).
B okoHYaTeNbHDBI BapHAaHT IpOrpaMMbl Hy?KHO BKJIIOYHTL IIPOBEPKY yciaosus by # 0 B
Bujie |bg| > eps, rye eps — Majoe TMOJIOKUTETHLHOE YUCIO.
pyroit mogxoy K perieruto cucrembl (4.1) npesgioxken B padore [3].

5. CBEpThIBaHNE KOHEYHOI MEemHOoil Jpodu

Pacemorpum mociie1oBaTe/IbHOCTD IIEMHBIX Apobei

_ _ by o T L mT
Ro(x) = by, Ri(z) =bo+ by Ry(z) = by + . +%7 c
L

R, (z) = by + alfm
by +
P b+
anT

+ Gt

Kaxmylo TaKyIoO ,ILpO6I> MOZKHO IIpe/JICTaBUTDL B BU/J1E€ OTHOIIIECHMA aﬂfe6paI/I‘{€CKI/IX IIOJIMHOMOB




Hamnpuwmep,

. bobl +a1x

bo(blbg + &Q.T) + bgall'
by ’ ’

b1 b2 + asx

Ro(z) = —, Ri(z) Ry(x) =

[TocraBum 3a1a4y: BeaUCNTH Ko3bdunuenTsl nognnoMos P, (z) u @, ().
Kax mssectro [4, 5|, nocienosarensroct {FPy(x)} u {Qx(z)} yaosiersopsiior pekyp-
PEHTHBIM COOTHOIeHusM: pu k= 1,2,....n

Pk(l‘) = bkpk_l(l') + CLkIPk_Q(ZE),
Qr(r) = bpQr—1(7) + arQi—2(),
Py(x) =by, Qo(x)=1, P4(x)=1, Q_1(x) =0.

IIpociemum 3a cremensMu mognHoMoB Py (x) n Qp(x) (Tabi. 2).

Tabauna 2
k 012345 ... n
creeib P, [0 1 1 2 2 3 ... |(n+1)/2]
crerieib Q[0 0 1 1 2 2 |n/2]

B mporpamme koaddunmentsr moaumHOMOB  Pj, Q)  Oy/ayT pasMemeHbl B MacCHBaX
p.al0..L(n+1)/2]].
OrmernM, 9TO MOTUHOMBI Py, Qi YIOBIETBOPSAIOT OJIHOMY U TOMY K€ PEKYPPEHTHOMY
COOTHOITICHUIO
Vg = bkvk,1 -+ ArpTVE_2, k= 1, 2, e, n,

IIpU Pa3HbIX HAYaJbHBIX 3HAYEHHUAX Vg, VU_1. BbIpasum v, depe3 vy u v_i. g sroro Boc-
nosib3yemca cxemoir Kienroy.

Nmeem
n
U =Y CkU,
k=0
e cgp=¢,=...=c,_1 =0, ¢, = 1. llpeacrasum c, B BUIE
Ck = gk — Dkt19k+1 — Qpy2TGpy2, K=n,n—1,...,0; gyi2 = gnt1 =0.

[TocenoBarenbHOCTE {g;} TOCTPOUTH MOXKIO:
gn = 17 Gn—-1 = bn7 9k = bk+1gk+1 + Q2T k42, k=n— 27 n— 37 SR 0. (51)

Baech g = gr(x) — anrebpamaeckuii nosmuoM. Tereps 3ammrmem

n

Un = Z(gk — Dy 1Gk41 — Qg4 2TGkt2) Vi =
k=0
n+1 n+2

n
= Z JkVx — Z Grbrve—1 — Z JkQpXVk—2 =
k=0 k=1 k=2
= govo + g1v1 — g1b1vo = govo + gra1TV_1.
Ecim nonmoxkuth vy = by, v_1 = 1, TO nosrydanm

Po(x) = bogo(z) + a17g1 (). (5.2)
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Ecau nosoxkuts vy = 1, v_; = 0, 1o nomyanm Q,(z) = go(z). [lpasas gacts (5.2) coorser-
creyet npasoit wactu (5.1) npu k = —1. Ilepermrmem (5.1) B Bue

In=1, go_1=">bn;  gr_1="bpgr + ag12gps1, k=n—1,n—2,...,0. (5.3)

Torna P,(x) = g_1(x), Qn(z) = go(z). Takum obpazom, 3a1a9a Beraucaenns Kobdurmen-
TOB TIOJITHOMOB P, (), cBeJieHa K 3aja9e BhIMUC/IeHUsT KOIMDPUITMEHTOB MTOJIMHOMOB (_1, Jo
o dhopmyie (5.3).

Ormernm, 9TO CTENEHDb TIOJMHOMA ¢f He HPeBOCXOMuT 1 = |(n — k)/2]. OgeBumHo, uTo

Tee1=Trg1+1, k=n—1n-2...,0;, r,=r,_1=0.

B Tabu. 3 nupuBesenbl 3HAUEHUST 7.

Tabnuna 3
kEiln n—-1 n—-2 n—-3 ... 0 -1
r. | 0 0 1 1 o n/2] [(n+1)/2]

[IycTn
Tk )
ge(z) =) &y
j=0

13 (5.3) BeIBeZIEM PEKyPPEHTHOE COOTHOIIeHue /st Kodddunnentos ;. Vmeem

Tk—1 ) Tk ) Tk—1 )
S G =bp D> & + agr D e g1t
j=0 7=0 J=1

Orcrona caemayer, uro upu k =n—1,n—2,...,0

Ek—1,0 = Ok€ro;  Eh—1j = bk€ij + ar1&t1,-1, 7 =1,2, ..., 1% (5.4)

fk:—l,rk_l = ak+1§k+1,rk_1—1, ecym T, < Tk—1.

ITpu r, < rp—1 MOXKHO TOJIOXKHUTD &, , = 0 U UCHOIB30BATH PEKYPPEHTHOE COOTHOIIEHUE
st Eg_q; upu j = 1,2, ..., 1. K (5.4) HyKHO 106aBUTH HadasbHbIE yCaoBUd &y = 1,
gn—l,O = bn

Martpuria xkoaddunuentos {&;} 3amomHsgeTcss CTPOKa 3a CTPOKON CHH3Y BBEPX, KaK II0-
KazaHo B Tabs1. 4 mpun =4, r_; = 2.

Tabauna 4
E\j| 0 1 2
—1 &0 11 &1
0 Soo ot So2

I | & &n 0
Puos 2 20 §a1
D 3 | &po 0
q 4 40

st popMupoBanust CTpoK OyIyT UCIIOIb30BATLCS JIBA MACCUBA, P, q{().. |((n+1)/ 2”
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[IpuBeiéM COOTBETCTBYIONIYIO IIPOIPAMMY:

p[0] := by; ¢[0] := 1;

r:=0; rl :=0;

for k :=n — 1 downto 0 do begin
r2.=rl;rl:=r;, r:=r2+1,
if r1 < r then p[r] := 0;
U= by V= aApya;
for j := r downto 1 do begin

d := pljl;
plil = uxd+wv*qlj —1];
qljl ==d

end;

d = p[0]; p[0] :==uxd; ¢q[0] :==d

end

[Tocste pa6orsl iporpammel 1 = |(n+1)/2| u

Pua) = ol Qule) = 3 e

6. 3aKJI0UYNTEeJIbHbIE 3aMeYaHnud

Mo pacemorpenn cxeMy KUIEHINOY NPUMEHUTENHLHO K JMHEHHBIM PEKYPPEHTHBIM COOTHO-
HIeHUsM 2-T0 Hopgaka. HeTpyano moHsTh, Kak oHa OyJIeT BBINJISIETb B CJIydae JIMHEHHbIX
PEKYPPEHTHBLIX COOTHOIIEHU T 3-10, 4-10 1 60JIee BHICOKHUX MOPSIKOB.

Hapsiny co cxemoii Kitenmoy cymecTByioT u Apyrue peryisipable IPpUEMbl, HCIIOIb3yeMble
pH cocTaBIeHnn 3(PMEKTHBIX TPOrpaMM. DTH TPUEMbI OCHOBAHBI HA MJIEAX U3 PA3TMIHBIX
Pa3IesIoB JIMCKPETHON MaTeMaTHKU, TAKUX KaK KOMOMHATOPUKA, Teopus rpadoB, JuHAMIY-
YecKoe TporpaMmupoBanue u up. |6, 7, 8.

B zaksmouenne npusegéM 12 3ajad, AOMYCKAIOIMINX KPAacUBble pemienus. MHOro apyrux
3a/1a4 TOI06HOTO pojia uMerores B |9, 10].

Sagaun

1. /Iiig obbema k-MepHOTo Iapa paJiumyca 7 clipaBeinBa (popmyia

@) m\e
Vg = e <§> ,k—1,2,...

Breranciants v,.

2. Borunc/imTh 3HadeHue mMpon3BOIHON N-T0 MopsiKa (DyHKIIUHT

f(x) = exp(—2?/2)
B TOYKE Z.

3. BuruncsmTs naTerpalt

©
cn:/ sin” x dx
0

npu (PUKCUPOBAHHOM ¢ 1 1 2> 1.
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4. AnrebpanvecKuil MOJTUHOM
Plx)=(1+z+2*+... +a")

[PEJICTABUTD B BU/IE
rn

P(z) = apat.
k=0

Kosddunuenrsr ag, ay, . . ., a., 3ammcars B Maccus al0..rn).
5. Paccmorpum anrebpanyeckuii mosimnoM B hopme Bepuinreitna

n

B(z) = ]; y[k]CEa™(1 — z)" . (6.1)

Boruuciurs B(r) B TOUuKe .

6. [lommmom (6.1) npespcraBuTh B Buje
B(z) =Y bpa".
k=0

Koaddunuenrsr by, by, . .., b, 3anucars B ucxoausiii Mmaccus y[0..n]. (Takue npeobpaszo-
BaHUsI HA3BIBAIOTC NPe0OPA30BUHUAMYU HA MECTE. )

7. AnrebpamdecKkuii MOJTMHOM

npejictaBuTh B popme Bepurmreiina (6.1).

8. Tomunombr Bepuysm Q () onpeensorcst ¢ IOMOIIbIO PEKYPPEHTHOIO COOTHOIITEHHUSI

QL) = kQp1(2). /Ole(:zr)dx:O, F=1.2,..: Oplz) =1

Berancints kosbdunmenTsr moguaoMa @y, ().

9. PekyppeHTHOE COOTHOIIICHHE

Py(z) = % (1 —2)Pe(x)], k=1,2,...; PF(z)=1

olpeJesdeT TakK Ha3bIBaeMbIe A02UcCmuvecrue NoAUHOMDL. Breranciants KOQ(b(bI/IIH/IeHTI)I

P,(x).

10. Yucna CrupjauHra mMmepBOro pojia BBOAATCA KaK KOIDDUIMEHTHI Pa3/I0XKEeHNs

rx—1)...(x —n+1)= kﬁ:(—l)”_kankxk.

Borauceaurs an, po, .. .y Q-

11. Yucra CrupaumHra BTOPOro pojia BBOJAATCA KakK KOI(PMDUITHEHTHI Pa3/I0KEHUS
n
2" = byx(z—1)...(x —k+1).
k=1

13



Boraucauts 0,1, bna, - - . by
12. Berancymrs cymMMmy

S

353 + 352 + 25)alj,
j=1

HCIIOJIB3Ysl TOJIBKO CJIOXKeHUs (B KosmaecTse 4n — 1 oneparnuit).

Aemopv, npurocam 2ayb0xy0 64a200apHOCTIL 36 BHUMGHUE K 9MOT padome u noddepiHcky npo-
geccopam U.B. Pomarosckomy (Carnkm-Ilemepbypecrui ynusepcumem), B.A. Kysneuosy (ITem-
posasodckutl ynusepcumem), B.JI. Huxumenkosy (Cuxmuwiekaperkutis ynusepcumem), A.C. Cmpe-
kanosckomy (Hprymexutd ynusepcumem) u M. Tayouoszo (ynusepcumem Kanabpuu, Hmanus).
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